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Abstract
We investigate systematic classifications of low energy and lower dimensional effec-
tive holographic theories with Lifshitz and Schro¨dinger scaling symmetries only using
metrics in terms of hyperscaling violation (θ) and dynamical (z) exponents. Their
consistent parameter spaces are constrained by null energy and positive specific heat
conditions, whose validity is explicitly checked against a previously known result. From
dimensional reductions of many microscopic string solutions, we observe the classifica-
tions are tied with the number of scales in the original microscopic theories. Conformal
theories do not generate a nontrivial θ for a simple sphere reduction. Theories with
Lifshitz scaling with one scale are completely fixed by θ and z, and have a universal
emblackening factor at finite temperature. Dimensional reduction of intersecting M2-
M5 requires, we call, spatial anisotropic exponents (]), along with z = 1, θ = 0, because
of another scale. Theories with Schro¨dinger scaling show similar simple classifications
at zero temperature, while require more care due to an additional parameter being a
thermodynamic variable at finite temperature.
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1 Introduction : hyperscaling violation and effective theories
The concept of hyperscaling violation [1], developed in condensed matter [2][3], has attracted
much attention recently [4]-[35] in the context of gauge gravity duality [36][37]. For example,
hyperscaling violation provides a useful way to realize “compressible matters” in (2 + 1) di-
mensions [1][38][39] and to pursue the holographic realization of systems with Fermi surfaces
[6][7]. (See earlier efforts on considering holographic Fermi surfaces e.g. in [40]-[43].) Many
physically interesting materials at zero temperature, such as high Tc cuprates superconduc-
tors, heavy fermion superconductors and organic insulators, are compressible, meaning that
the “density” of their ground states can be dialed by some quantum tuning parameters,
such as chemical doping, pressure and chemical potentials, respectively. As explained nicely
in [1], the ground states of compressible quantum matters can be described by a modified
Hamiltonian H′ = H−µQ in the presence of an U(1) symmetry, where µ and Q are chemical
potential and charge associated with the U(1) symmetry, which commutes with the original
Hamiltonian H. The system needs gapless excitations and requires to satisfy d〈Q〉/dµ 6= 0
at T = 0. Using scaling arguments, one can get d〈Q〉/dµ ∼ T d−1, where d is the number
of spatial dimensions. Thus one naturally has compressible matters for d = 1 (Luttinger
liquids), while it is difficult to realize them for d 6= 1. This difficulty can be overcome in the
presence of hyperscaling violation, which effectively gives deff = d−θ. Thus the compressible
matter at zero temperature in 2 + 1 dimensions can be achieved with θ = 1 [1].
Hyperscaling violation is realized in holography as a property of the metric, as was first
pointed out in [5], based on the extremal solutions at finite density that were found in
[4]. Its implications and importance for strongly coupled condensed matter systems were
developed further in [7]. It has been argued that holographic backgrounds with dual Fermi
surfaces can be consistently obtained in the systems satisfying θ = d− 1, and thus θ = 1 for
d = 2, based on various physical grounds [6][7].1 In particular, this particular system shows
a logarithmic violation of the area law in the holographic entanglement entropy calculation,
1 This is well fitted with the field theoretic picture outlined in the previous paragraph. See [44] for an
example of compressible matter with the Fermi surfaces present for different doping.
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which is adapted as a working definition of holographic systems with Fermi surfaces [6] based
on field theoretic results [45]. The holographic entanglement entropy [46]-[49] is further used
to identify some novel phases, which interpolates between the logarithmic violation and
extensive volume dependence of entanglement entropy [8][11].
Our aim
While the notion of hyperscaling violation is developed in condensed matter community,
it can also serve as a useful tool for high energy community as well. Here we would like
to consider several different classes of microscopic string theory solutions and their simplest
dimensional reductions along the compact coordinates. It becomes clear that hyperscaling
violation effects are prevalent upon dimensionally reducing the microscopic string solutions.
One simple observation is that θ captures the degree of the violation of the conformal / scaling
symmetry of the original solutions as well as the degree of compactification. For example,
conformally invariant systems such as D3, M2, M5, D1-D5 and their non-relativistic versions
generated by the null Melvin twist show θ = 0 upon simple sphere reductions. Motivated by
these observations and earlier efforts [8][11], we investigate the following program.
A. The hyperscaling violation exponent θ can serve as a unified framework for classify-
ing the lower dimensional and low energy effective holographic theories with scaling
symmetries, especially the Lifshitz and Schro¨dinger scaling.
B. We only consider gravitational metrics for the classifications with undetermined expo-
nents (z, θ), without referring to the full solution, such as action and matter contents.2
C. We constrain the parameter space of the consistent solutions using the null energy
condition, entanglement entropy analysis and the thermodynamic stability, especially
the positivity of the specific heat, along the line of [6][8][11].
This program for constraining the parameter space of the theories with Lifshitz scaling at
finite temperature is explicitly compared against the known efforts to do so with full solu-
tion in the context of the Einstein-Maxwell-Dilaton theories with two parameters [4][51][52].
These two results are in very good agreements. Even though constraining the consistent pa-
rameter spaces using the null energy conditions and positivity of specific heat constraint is
expected to serve as a rough guide, our detailed and explicit comparison provides us enough
2 One metric can be supported by more than one set of matter sources and action, see e.g. [50]. Thus
classifying effective theories with full solutions would be redundant for investigating the low energy universal
properties, which are independent of details, not to mention the physical quantities directly related to metric.
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confidences for the validity to do so.3
Outline and Main points
We consider the following general metric to classify lower dimensional and low energy
effective theories, holographically dual to field theories with Lifshitz and Schro¨dinger scaling
symmetries in d spatial dimensions at zero temperature
ds2 = r−2+2θ/D
(
−b r−2(z−1)dt2 − 2a dtdξ + dr2 +
c∑
i=1
dx2i +
d∑
j=c+1
ηj(r, t, ~x)dx
2
j
)
, (1.1)
where θ and z are the hyperscaling violation and dynamical exponents, respectively.4 Note
that we split the d spatial coordinates into two. The first c dimensions have been put
into a standard form, dx2i , using coordinate transformations.
5 We call these coordinates as
reference coordinates. While ηj(r, t, ~x) can take any general form to provide various different
scaling properties for each particular spatial direction, here we consider the simplest cases :
the parameter η has only the radial dependence as
ηk(r, t, ~x) ≡ r2−2]k|i , (1.3)
where ]k|1 denotes “spatial anisotropic exponent” of the kth coordinate relative to the ref-
erence coordinate x1. These spatial anisotropic exponents are naturally realized in the in-
tersecting Dp-Dq brane systems §A.4 and M-brane systems §A.5. We expect that there are
more general class of systems with the spatial anisotropy.
3Can we say something about the landscape of the string theory vacua and the corresponding classifica-
tion? While classifying them only with metrics would be much simpler, the answer is far from clear, and we
have nothing to say about it. Our program might be more relevant for classifying general throat geometries
with more exponents. We are grateful to Piljin Yi for the discussions and comments.
4It is clear that the boundary sits at r → 0 from the context. One can use different, yet equivalent,
coordinate system using r = 1u (now the boundary sits at u→∞) as
ds2 = u2−2θ/D
−bu2(z−1)dt2 − 2adtdξ + du2
u4
+
c∑
i=1
dx2i +
d∑
j=c+1
ηj(u, t, ~x)dx
2
j
 , (1.2)
which provides the identical exponents θ, z and ]. This distinction of the correct coordinate system is
important to identify these exponents uniquely. Still the distinction can be unclear because the metric at
hand is valid only for a given range of the radial coordinate. Moreover, this distinction can be ambiguous
at its fundamental level. One particular example is non-commutative super Yang-Mills due to the UV-IR
correspondence [53]-[56]. Similar features are expected for dipole field theories [57][58] and puff field theories
[59][60]. We are grateful to Ori Ganor and Sanny Itzhaki for their comments and discussions on them.
5 There are some exceptional cases for the Schro¨dinger type solutions to do this successfully. Schro¨dinger
symmetry require the combination −2dtdξ + dr2, which does not allow further coordinate redefinitions on
the radial coordinate. One explicit example is considered in detail in §B.1 and §B.3.
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The metric is invariant under the following scaling transformations :
t→ λzt , ξ → λ2−zξ , r → λr , (1.4)
xi → λxi , i = 1, · · · , c , (1.5)
xj → λ]j|ixj , j = c + 1, · · · , d . (1.6)
It is clear that z = 1 and ] = 1 represent the usual scaling transformation of the relativistic
Poincare´ invariant systems. Thus ] 6= 1 signifies the spatial anisotropy and broken rotational
symmetries between the reference coordinates and the anisotropic coordinates.
It turns out that there can be several equivalent sets of the exponent for the cases with
the nontrivial spatial anisotropic exponents, due to the fact that any spatial coordinate is
qualified to take the role of the reference coordinate. To illustrate this point, let us change
the reference coordinate from x1 to xd for a simple case a = 0, b = 1. Then we get
r2θ/D−2]d|1
(−r2]d|1−2zdt2 + r2]d|1−2dr2 + r2]d|1−2dx21 + · · ·+ dx2d) , (1.7)
which gives the following new exponents
θ′ =
θ
]d|1
, z′ =
z
]d|1
, ]′1|d =
1
]d|1
, · · · , (1.8)
after redefining the radial coordinates r → r
1
]d|1 . The physical properties described by this
set of exponents are equivalent to those described by θ, z and the original spatial anisotropic
exponents ]i|1, i = 2, · · · , d. If the original anisotropic exponent ]d|1 is negative, it is required
to use the coordinate system described in footnote 4 and the results are the same. The case
]d|1 = 0 requires a non-polynomial transformation to achieve the goal, and eventually one
sees that the resulting exponents are not well defined. It is plausible that this case can be
formulated with the ration θ′/z′ fixed, while θ′ →∞ and z′ →∞ [13].
With these general properties, we consider the physically interesting theories with dif-
ferent scaling properties in turn, depending on the parameters D, a, b, θ, z and ηi. We also
organize our paper accordingly.
I. Relativistic solutions with full Lorentz symmetry. This case has the parameters D =
d, b = 1, a = 0, z = 1 and ηk = 1, k = c + 1, · · · , d, which has the full rotational
symmetry on the d spatial directions. This geometry includes the well known AdS
spaces with conformal symmetry for θ = 0, which is valid for all the energy scales.
θ = 0 represents the fact that there exists no non-trivial energy scale in the original
microscopic string solution. Examples include the dimensional reductions of the D3,
M2 and M5 solutions, which are considered in §A.1 A.2 and A.3, respectively.
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The near extremal black Dp brane solutions are another examples of this type, but
now with non-zero hyperscaling violation exponent θ. It is straightforward to see
that non-zero hyperscaling violation is directly related to the fact that there is a non-
trivial dimensionful parameter in the original Dp brane metrics, which is explicitly
demonstrated with dimensional reductions in §A.1.
The theories with z = 1 are the special cases of the Lifshitz backgrounds. Thus we
consider the relativistic cases with z = 1 as part of the following item [II].
II. Lifshitz type solutions with non-zero θ and general z. The parameters are D = d, b =
1, a = 0 and ηk = 1, k = c + 1, · · · , d. The physical aspects of the Lifshitz theories
with general scaling symmetry z and the hyperscaling violation exponent θ are already
considered in [8]. It is further considered below in §2.1 and in §2.2. Especially we
depicted allowed regions (figure 1) based on the program explained in our aim.
This type of gravity solutions are constructed for the low energy description of Einstein-
Maxwell-Dilaton system [4] and shown to be the most general IR asymptotic solutions
with one gauge and one scalar fields[5]. It is embedded in higher dimensional theories[5].
Its finite temperature generalizations are proposed and analyzed in [4]. This system is
explicitly considered in §2.3 for d = 2 and in §2.4 for arbitrary d, where we re-express
the full system in terms of the parameters (z, θ) along with the thermodynamic prop-
erties. In the figure 2 in §2.3.2, we also present allowed regions of the parameter space
of (z, θ) from different set of consistency conditions using the full solution [4][51][52].
We compare these two different allowed regions and found good agreements.
We would like to mention that all the worked-out examples of string theory motivated
solutions along with the examples [4] have a particular form of the emblackening factor
f(r) = 1−
(
r
rH
)d+z−θ
, (1.9)
which reflects the scaling properties and is very interesting.
III. Intersecting Dp-Dq and M brane systems with a = 0 and b = 1. The nontrivial spatial
anisotropic exponents, ηk 6= 1, naturally emerge in these systems.6 In Dp-D(p+4),
(p = 0, 1, 2), systems, we get the exponents
d = p+ 4 , θ =
1− p2
2− p , z = 1 , ]p+4|p =
1− p
2(2− p) . (1.10)
6We are grateful to Yaron Oz and Cobi Sonnenschein for valuable comments on Dp-D(p+4) brane systems
and associated anisotropic exponents. p = 0 and p = 2 cases actually do not generate non-trivial ]. p = 1 case
can be further compactified down to p+ 2 dimensional metric for the compact M4 = T
4 or K3. Intersecting
M2-M5 branes with non-compact directions is presented in §A.5.
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Let us consider D1-D5 system, which is known to have AdS3 × M4, namely AdS3
conformal factor in the dimensionally reduced metric. Correspondingly, we get θ = 0.
The effective metric is
ds2D1D5 =
√
Q1Q5u
2[−fdt2 + dx21 +
1
u4
du2
f
+
Q1
u2
ds2M4 ] , (1.11)
which shows the non-trivial spatial anisotropy, stemming from the relative scale be-
tween these two spaces AdS3 and M4. This is described in §A.4 in detail. Intersect-
ing and interpolating M-branes are also considered in §A.5 to show similar features.
Recently, the hyperscaling violation exponent in the intersecting brane systems are
considered in [14][16][23][28].
IV. Schro¨dinger metrics with general θ and z. The parameters are D = d + 1, a = 1 and
ηk = 1, k = c + 1, · · · , d. The physical aspects with hyperscaling violation at zero
temperature are discussed in [11]. Surprisingly, we find a candidate Scho¨dinger back-
ground that possesses dual Fermi surfaces according to [6][7] from a simple dimensional
reduction of non-relativistic NS5A brane in §B.2. The background reveals the relation
θ = d + 1− z, which is worked out in [11] based on “codimension 2” minimal surface
prescription. We further investigate other physical properties of this non-relativistic
NS5A brane in §B.2. Lifshitz background with dual Fermi surfaces has been also
claimed in [10]. (See also [17][30] for the discussions of the hyperscaling violation on
Schro¨dinger space.)
Finite temperature generalizations from effective low energy and lower dimensional
point of view turn out to be more difficult than expected, due to the non-trivial asymp-
totic form and an additional dimensionful parameter b generated by the null Melvin
twist. This parameter b serves as an independent thermodynamic variable, along with
rH , and thus can not be ignored. Constructing general low energy effective metrics
based on symmetries is a highly non-trivial task. Thus we consider non-relativistic
Dp branes generated by the null Melvin twist investigate their physical properties at
finite temperature and perform the dimensional reductions of them in §3.1. Along the
way, we identify the exponents θ and z in §3.1.1, which turns out to be not straight-
forward. In §3.2, entanglement entropy at finite temperature is considered to show
that it reproduce the thermal entropy at high temperature limit and zero temperature
entanglement entropy at low temperature limit.
Finally, we consider a class of effective Schro¨digner backgrounds at finite temperature
in §3.3. We present a plot for the allowed regions in the figure 3 for z > 0 by using
the null energy, entanglement entropy conditions and specific heat constraint for fixed
chemical potential associated with the null coordinate ξ.
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There exist two different geometric realizations with Schro¨dinger symmetry in holo-
graphic approach, Schro¨dinger backgrounds with b = 1, described in §3, and AdS in
light-cone frame (ALCF) with b = 0. §4 contains the parallel investigations of ALCF
compared to the Schro¨dinger background §3. In particular, the dynamical exponent z
remains unfixed even after the dimensional reduction, which is one of the reasons we
separate our discussions for these two geometric realizations of Schro¨dinger holography.
Schro¨dinger background and ALCF have the same thermodynamic properties. By
rewriting their metrics in a more organized form as equations (3.7) and (4.8), we find
an important technical detail responsible for the fact. Basically, the newly introduced
K factor from the null Melvin twist in (3.7) does not enter the thermodynamic analysis.
The basic properties and the dimensional reductions of several different systems are
investigated in detail in appendix §A and §B. Even though these examples are far from the
exhaustive lists of the low energy and lower dimensional holographic theories, we hope they
serve to show the hyperscaling violation exponent θ provides a unified framework for the low
energy and lower dimensional holographic theories.
2 Theories with Lifshitz scaling
Theories with the Lifshitz scaling symmetries [61][62] with dynamical exponent z and hy-
perscaling violation exponent θ have been considered in [8] from the metric point of view
without referring to matter contents. The full extremal solutions were constructed and an-
alyzed in [4]. Their scaling properties, including their violation of hyperscaling was pointed
out later in [5][7]. The explicit solution is developed in the context of the holographic bulk
solutions with the Einstein-Maxwell action with a Dilaton (EMD theories) [63]-[74].
In this section, we first review some salient features of the known results in §2.1, along
with the analysis of the entanglement entropy at finite temperature to thermal entropy in
§2.2. From our program to classify the low energy and lower dimensional effective holographic
theories, we would like to check whether the consistency conditions we impose are reasonable
guides. For this purpose, we make plots of the consistent regions of the parameter spaces
(z, θ) for 2 and 3 spatial dimensions using the null energy condition and positive specific
heat constraint. We call the allowed regions (I) from these constraints.
Then we consider the explicit solution [4][51][52][71] with two parameters (γ, δ) and map
it in terms of the parameters (z, θ) for d = 2 in §2.3 and for general dimensions in §2.4. For
the future references, we list also the thermodynamic properties in term of the parameters
(z, θ) in §2.3.1. The allowed regions of the parameter spaces (γ, δ) at zero temperature are
explicitly analyzed by various conditions, such as Gubser’s criteria [75] and well defined
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fluctuation problems in [4][51][52][71]. In §2.3.2, we plot the allowed regions (II) in terms of
(z, θ) including the positive specific heat constraint at finite temperature. These two allowed
regions (I) and (II), upon including the positive specific heat constraint, are identical, which
provides a positive sign for the program to constrain the allowed regions from the low energy
and lower dimensional point of view.
2.1 Review and constraint plots
The metric we are interested in is described by
ds2d+2 = r
−2(d−θ)/d
(
−r−2(z−1)f(r)dt2 + dr
2
f(r)
+
d∑
i=1
dx2i
)
,
f(r) = 1−
(
r
rH
)d+z−θ
. (2.1)
Physical properties of this metric emphasizing the role of the hyperscaling violation exponent
θ are analyzed in detail in [8].
Figure 1: The left plot shows the allowed regions for the Lifshitz geometry based on the null energy condi-
tions, along with the region between two dashed lines indicating some novel phases from the entanglement
entropy analysis [8]. The middle plot shows the allowed (dark purple) regions after taking into account of the
specific heat condition (2.3). The right plot (d = 3) shows the regions allowed by the null energy condition
(blue) and the specific heat (red), and thus the dark purple regions, allowed regions (I), are allowed by both
conditions. These conditions indicate that physically sensible theories are required to θ ≥ d for z ≤ 0, while
they are required to have θ ≤ d for positive z. It is further suggested that the region θ ≥ d and z ≤ 0
are unstable from the entanglement entropy analysis [8]. Thus only the bottom right region is allowed and
covers z ≥ 1 and also θ ≤ d, except small top left corner of that region.
Without referring to specific matter contents to support the background, the authors of
[8] restrict the consistent parameter spaces with null energy conditions at zero temperature
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following [6][7]. See also the usage of null energy condition [76]. The condition is given by
(d− θ)(d(z − 1)− θ) ≥ 0 , (z − 1)(d+ z − θ) ≥ 0 , (2.2)
which is depicted in the left plot of figure 1 for d = 2 case. The allowed regions are further
constrained by some thermodynamic stability, mainly the positivity of the specific heat at
finite temperature, which is
d− θ
z
≥ 0 . (2.3)
The result is summarized in the middle plot of figure 1. These constraints are not expected
to be completely accurate, but it seems to serve as a good guide for all the dimensionally
reduced microscopic string solutions considered in the appendix §A.
Note the specific form of the emblackening factor f(r). The r dependent power is a prior
not fixed by any symmetry or dimensional analysis, especially from the view of the resulting
effective theories which are dimensionally reduced from string theory solutions. Yet, this
particular combination f(r) = 1− (r/rH)d+z−θ is valid for the dimensional reduction of the
black Dp brane [8], black M2 and M5 branes, as well as a large class of exact black hole
solutions [4][71]. Some of them are further studied in the appendix §A. Interestingly, the
theories with Schro¨dinger isometries, upon dimensionally reduced along the null direction ξ,
also exhibit this property as explicitly shown in §3.1.3 and §4.1.2. This combination d+z−θ
is tied with the physical property of the thermal entropy ST in terms of the temperature T
ST ∼ T (d−θ)/z , (2.4)
which can be easily verified from T ∼ r−zH and ST ∼ rθ−dH . It will be interesting to check
whether these properties are true for all the lower dimensional Lifshitz type solutions, which
have their microscopic string solutions.
2.2 Entanglement entropy to thermal entropy
Entanglement entropy has been a useful tool for classifying the phases of the matter [45],
and it has been actively discussed in holographic context, see e.g. [46]-[49]. The cross-over
from the entanglement entropy to thermal entropy in Lifshitz space is already studied in [8]
motivated by [77]. Here we review the result for the comparison to the Schro¨dinger geometry
we study in detail in the following sections.
The entanglement entropy of the metric (2.1) with finite temperature can be computed
for a strip
−l ≤ x1 ≤ l , 0 ≤ xi ≤ L , i = 2, · · · , d (2.5)
10
in the limit l  L. The strip is located at r = , and the profile of the surface in the bulk
is given by r = r(x1). The minimal surface has a turning point at r = rt. Thus, to get the
entanglement entropy, we can evaluate the following expressions
l =
∫ rt
0
dr
1√
f
(r/rt)
α2√
1− (r/rt)2α2
, A = Ld−1
∫ rt

dr
1√
f
r−α2√
1− (r/rt)2α2
, (2.6)
where α2 = d− θ.
Assuming α2 > 0, we can rewrite the integrals as
l = rt
∫ 1
0
dω
ωα2√
1− (γω)α2+z√1− ω2α2 , (2.7)
and, following [77]
A = Ld−1r1−α2t
∫ 1
/rt
dω
([
ω−α2√
1− (γω)α2+z√1− ω2α2 −
1
ωα2
]
+
1
ωα2
)
, (2.8)
where the square bracket part is finite for α2 > 0 and
ω =
r
rt
, γ =
rt
rH
< 1 . (2.9)
First, we compute the divergent part
Adiv = Ld−1r1−α2t
∫ 1
/rt
dω
1
ωα2
= Ld−1
1
α2 − 1
1
α2−1
, (2.10)
which is the same as the divergent contribution of the zero temperature background.
Now let us compute the finite part. At low temperature, we can evaluate the integral
l = rt
∫ 1
0
dω
ωα2√
1− (γω)α2+z√1− ω2α2 ≈
√
pirt
Γ
(
1+α2
2α2
)
Γ
(
1
2α2
) , (2.11)
and
Afin ≈ Ld−1r1−α2t
∫ 1
dω
ω−α2√
1− ω2α2
(
1 +
1
2
(γω)α2+z + · · ·
)
,
= Ld−1l1−α2 cθ
− 1
α2 − 1 +
γα2+z
4α2
Γ
(
z+1
2α2
)
Γ
(
α2+z+1
2α2
) Γ
(
1
2α2
)
Γ
(
1+α2
2α2
) + · · ·
 , (2.12)
which serves as an interpolating function from small temperature to high temperature. We
evaluate it momentarily. At low temperature, the entanglement entropy for a strip in the
general metric (2.1) is
S = (RMPl)
d
4(α2 − 1)
((

Rθ
)θ
Ld−1
d−1
− cθ
(
l
Rθ
)θ
Ld−1
ld−1
[
1− c˜θ
(
lT 1/z
)d+z−θ
+ · · ·
])
, (2.13)
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where Rθ is a scale in which the hyperscaling violation becomes important and
cθ =
√piΓ
(
1+α2
2α2
)
Γ
(
1
2α2
)
α2 , c˜θ = (α2 − 1)√pi
4α2 c
d+z−θ+1
α2
θ
Γ
(
z+1
2α2
)
Γ
(
α2+z+1
2α2
) ( 4pi|d+ z − θ|
) d+z−θ
z
. (2.14)
Thus we check that the entanglement entropy reduces to that of the zero temperature in the
low temperature limit.
In the high temperature limit,
l = rt
∫ 1
dω
ωα2√
1− (γω)α2+z√1− ω2α2 = rtI+ (γ) , (2.15)
and
A = Ld−1r1−α2t
∫ 1
dω
ω−α2√
1− (γω)α2+z√1− ω2α2 = L
d−1r1−α2t I− (γ) . (2.16)
When γ = rt
rH
→ 1, the integrals I+ (γ) and I− (γ) are dominated by the contribution ω ≈ 1,
and thus I+ (γ) ≈ I− (γ) ≈ l/rH [8]. Thus
Sfin ∝ Ld−1l T (d−θ)/z , (2.17)
which agrees with the thermal entropy, given in (2.4).
2.3 An explicit solution : EMD theories
In this section we would like to study an explicit solution with the properties described in
the previous section. The explicit solution is given in [4] with two free parameters (γ, δ) in
the context of EMD theories [63]-[74]. One of the main motivation of this section is to map
the solution in terms of new parameters (z, θ). We would like to examine the structures of
the action and other fields associated with the metric with the hyperscaling violation with
emphasis on 2 spatial dimensions in terms of those two parameters. In particular, we check
whether the program to restrict the parameter space of the metric (2.1) using the null energy
condition and positive specific heat constraint (allowed region (I)) is reasonable or not, by
comparing to the previous efforts to do so using other means available in the literature [4],
which include the information of the full solution, especially of the matter contents (allowed
region (II)). We also generalize the solutions for the general dimensions in the following
section §2.4.
12
The full set of near extremal solution for d = 2 is obtained with two parameters (γ, δ) [4]
S =
∫
d3+1x
√−g
[
R− e
γφ
4
FµνF
µν − 1
2
(∂φ)2 − 2Λe−δφ
]
,
ds2 = −r(r − 2m)r−4 γ(γ−δ)wu dt2 + e
δφdr2
−wΛr(r − 2m) + r
2
(γ−δ)2
wu
(
dx2 + dy2
)
, (2.18)
eφ = eφ0r−4(γ−δ)/(wu) , At = 2
√
−v/(wu)e− γ2 φ0(r − 2m) ,
wu = 3γ2 − δ2 − 2γδ + 4 , u = γ2 − γδ + 2 , v = δ2 − γδ − 2 .
This metric was constructed to get a general scaling solution in IR, and physical properties
such as energy, entropy and conductivities show power law behaviors, characteristic features
of scaling invariant theories. An important difference is that the hyperscaling property is
violated. Lifshitz solutions are special cases for γ = −√4/(z − 1) and δ = 0. This solution
provides the most general IR asymptotics at finite density with a single gauge field A and a
Dilaton field φ, and is embedded in higher dimensional AdS or Lifshitz spacetimes [5].
Using the coordinate transform
r → b˜ra˜ , 2m = b˜ra˜H , a˜ = −
wu
γ2 − δ2 , b˜ =
( −wΛ
a˜2eδφ0
)a˜/2
, (2.19)
the metric can be recast into
ds2 = r−2+2θ/d
(
−r−2(z−1)f(r)dt2 +
d∑
i=1
dx2i +
dr2
f(r)
)
, (2.20)
f = 1− 2m/b˜
ra˜
= 1−
(
r
rH
) wu
γ2−δ2
= 1−
(
r
rH
)d+z−θ
, (2.21)
where we are able to put b˜ = 1 with a suitable choice of Λ or φ0 as e
δφ0 = −wΛ
a˜2
, and
the coefficient of dt2 term becomes unity. The parameters z and θ are the dynamical and
hyperscaling violation exponents, respectively. Explicitly, they are identified as follows in
terms of γ, δ for d = 2
θ =
4δ
γ + δ
, z = 1 +
2δ
γ + δ
+
4
γ2 − δ2 . (2.22)
From these we check the relation d + z − θ = −a˜ = wu
γ2−δ2 . Thus we can translate all the
results of [4] in terms of z and θ. Again, we check that δ = 0 is a Lifshitz solution. In turn,
we have the relations
γ = ± 4− θ√−4 + 4z − 2zθ + θ2 , δ = ±
θ√−4 + 4z − 2zθ + θ2 ,
γ
δ
=
4− θ
θ
. (2.23)
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It is desirable to examine the metric and other fields more closely. For this purpose, we
completely rewrite this solution in terms of the parameter z and θ.
S =
∫
d4x
√−g
[
R− Z
4
FµνF
µν − 1
2
(∂φ)2 + V
]
, (2.24)
ds2 = r−2+θ
(
−r−2(z−1)f(r)dt2 +
2∑
i=1
dx2i +
dr2
f(r)
)
, (2.25)
eφ = rs , s = ±
√
−4 + 4z − 2zθ + θ2 , (2.26)
V = V0e
− θ
s
φ , V0 = (2 + z − θ)(1 + z − θ) , (2.27)
Z =
1
q2
e
4−θ
s
φ , At = q
√
2z − 2
z + 2− θr
−2−z+θf(r) , (2.28)
f(r) = 1−
(
r
rH
)2+z−θ
. (2.29)
Note that we set b˜ = 1 using Λ.7 The remaining constant φ0 serves as an integration constant.
The two solutions are corresponding to the sign of the relation (2.23). From the Maxwell
equation ∂µ (
√−gZF µν) = 0, we introduce an integration constant Q = √−gZF µν , which is
identified as a charge density. In terms of q, it is expressed as Q = −√2(z − 1)(2 + z − θ)/q.
We check explicitly that this satisfy the Einstein equation, and the scalar equation is auto-
matically satisfied. Under the scaling transformation
t→ λzt , xi → λxi , r → λr , (2.30)
the dilaton, the vector potential and metric transform as
φ→ ±
√
4(z − 1) + θ(θ − 2z) log(λ) + φ , (2.31)
A→ λθ−2A , (2.32)
ds→ λθ/dds , (2.33)
while the action remains invariant under the scaling transformation. These properties for
the dilaton and vector potential were noticed in [13].
It is interesting to consider various special cases. For θ = 4, the gauge field and the
dilaton become decoupled. If we put θ = 0, the potential V becomes a constant. The
7We are grateful to Sang-Jin Sin and Yunseok Seo for the fruitful discussions and comments on the metric,
gauge field and the associated charge in terms of (θ, z).
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solution becomes nothing but the Lifshitz type supported by a gauge field and a scalar.
S =
∫
d4x
√−g
[
R− Z
4
FµνF
µν − 1
2
(∂φ)2 + V0
]
, (2.34)
ds2 = r−2
(
−r−2(z−1)f(r)dt2 +
2∑
i=1
dx2i +
dr2
f(r)
)
, (2.35)
V0 = (2 + z)(1 + z) , e
φ = rs , s = ±√4z − 4 , (2.36)
Z =
1
q2
e4φ/s , At = q
√
2z − 2
z + 2
r−2−zf(r) , (2.37)
f(r) = 1−
(
r
rH
)2+z
. (2.38)
In this form, the scalar potential becomes a constant, which can be identified as a cosmo-
logical constant term for 3 + 1 dimensional gravity system. If we further restrict to z = 1,
the metric becomes
S =
∫
d4x
√−g [R + 6] , (2.39)
ds2 = r−2
(
−f(r)dt2 +
2∑
i=1
dx2i +
dr2
f(r)
)
, (2.40)
which is the usual AdS solution. A particular case z = 1, θ 6= 0 is supported by the dilaton
only because the gauge field vanishes.
Alternative
Using the coordinate transform
r → b˜ua˜ , a˜ = wu
γ2 − δ2 , b˜ =
( −wΛ
a˜2eδφ0
)−a˜/2
= 1 , (2.41)
the metric can be recast into
ds2 = u2−2θ/d
(
−u2(z−1)f(u)dt2 +
d∑
i=1
dx2i +
du2
u4f(u)
)
, (2.42)
f = 1− 2m/b˜
ua˜
= 1−
(uH
u
) wu
γ2−δ2
= 1−
(uH
u
)d+z−θ
, (2.43)
where z and θ are the dynamical and hyperscaling violation exponents, respectively. Explic-
itly, they are identified as follows in terms of γ, δ for d = 2
θ =
4δ
γ + δ
, z = 1 +
2δ
γ + δ
+
4
γ2 − δ2 . (2.44)
Thus we explicitly check the alternative coordinate system does not change the dynamical
z and hyperscaling violation exponent θ.
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2.3.1 Thermodynamics
As a complete solution is given in (2.24), we would like to also list thermodynamic quantities.
These are computed in [4] using the Euclidean action with appropriate boundary terms. We
can view this section as a two parameter generalization in terms of (z, θ) of the AdS4 black
hole for (z = 1, θ = 0).
The temperature and entropy are given by
T =
1
4pi
√−wΛe− δ2φ0(2m)1−2 (γ−δ)
2
wu =
(2 + z − θ)
4pi
r−zH , (2.45)
S =
Ω2
4
(2m)2
(γ−δ)2
wu =
Ω2
4
r−2+θH , ∼ T
2−θ
z . (2.46)
Note the temperature vanishes in the rH →∞ limit if and only if the dynamical exponent z
is positive, and the entropy vanishes as rH →∞ for θ < 2. These two observations support
further restriction of the allowed regions (I) to the bottom right one in the figure 1, together
with the result of the entanglement entropy analysis. We observe that θ = 2, for d = 2, is
special. The entropy stays finite for this case, which corresponds to the case γ = δ. And the
geometry turns out to be a direct product AdS2 × S2 in the extremal limit m = 0. This is
clear from the geometry given in (2.18).
The energy is
E =
Ω2
4pi
√
−Λ
wu2
(γ − δ)2m = Ω2
4pi
2− θ
4
r−2−z+θH . (2.47)
Notice that the mass is identically zero for θ = 2, which is again the case with the geometry
AdS2 × S2.
For the canonical ensemble, where the temperature is allowed to vary and the charge
density is fixed, the Helmholtz potential is given by
W = −Ω2
8pi
√−wΛe− δ2φ0
[
1− 2(γ − δ)
2
wu
]
m = − Ω2
16pi
z r−2−z+θH . (2.48)
Finally the heat capacity is found to be
CQ =
Ω2
4
2(γ − δ)2
wu
[
1− 2(γ − δ)
2
wu
]−1(
e
δ
2
φ0
4piT√−wΛ
) 2(γ−δ)2
wu−2(γ−δ)2
, (2.49)
=
Ω2
4
2− θ
z
(
4piT
2 + z − θ
) 2−θ
z
. (2.50)
Thus the positive heat capacity gives a condition 2−θ
z
> 0, which is consistent with (2.3) for
d = 2.
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Figure 2: The left plot shows the allowed regions for the Lifshitz geometry in terms of the parameters γ
and δ. The outer blue regions are allowed by the Gubser’s criteria, while the inner purple region is allowed
after taking into account of the other constraints including the well defined spectrum [4][51][52][71]. The
middle plot is the same as the left plot in terms of the parameters z and θ, where the middle blue region is
allowed by Gubser’s criteria, for example. The right plot shows the allowed regions after taking into account
of the specific heat condition (2.3), where the two red regions, top-left and bottom-right regions are allowed
(allowed region (II)). It is very interesting to confirm that these allowed regions (II) are the same as those
of the middle plot, allowed region (I), in Fig. (1).
2.3.2 Constraints on the parameter space
Using the low energy effective holographic approach, consistent regions in the parameter
spaces (γ, δ) of the solution (2.18) are analyzed in [4][51][52][71]. Major constraints are the
Gubser’s bound, excluding naked singularities if the scalar potential is not bound below upon
evaluating in the solution [75][78][79], as well as well defined spin 1 and spin 2 fluctuations
around the singularity [80]. These constraints on the (γ, δ) parameter spaces are depicted in
the left plot of figure 2. Using the relation (2.22) or (2.23), we can re-express this constraints
in terms of (z, θ), which is depicted in the middle plot. Finally the allowed regions are
severely constrained by the positive specific heat constraint, which is the purple regions in
the figure 2. This can be compared to that of the middle plot in figure 1. Interestingly, these
two results show the same allowed regions.8
This demonstrate the success of the program, which classify the low energy and lower
dimensional holographic theories in terms of the metrics with the parameters (z, θ) and
constrain the allowed parameter spaces using the null energy conditions as well as some
thermodynamic stability constraints. Allowed region (I) is restricted, mainly, from the met-
ric, while allowed region (II) is constrained also from matter contents of the full solution.
8We are grateful to Elias Kiritsis for discussions and comments on the related subjects.
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2.4 d+ 2 dimensional EMD solutions
In this section, we consider the explicit EMD solution for arbitrary number of spatial dimen-
sions constructed in [4] and rewrite the solution in terms of the parameters (z, θ). By doing
so, we confirm that the emblackening factor has the same form at finite temperature.
The full set of near extremal solution for general d spatial dimensions is obtained in [4]
S =
∫
dd+2x
√−g
[
R− e
γφ
4
FµνF
µν − 1
2
(∂φ)2 − 2Λe−δφ
]
,
ds2 =
(
r˜
`
) (γ−δ)2
d
[
−f˜(r˜)dt2 +
d∑
i=1
dxidx
i
]
+
dr˜2
f˜(r˜)
, (2.51)
f˜(r˜) =
8d`2 (−Λ) e−δφ0
u2w
(
r˜
`
)1− (d+1)(γ−δ)2
2d
[(
r˜
`
)wu
2d
− 2m
]
,
eφ = eφ0
(
r˜
`
)(δ−γ)
, At =
4d
wu
√
`2Λv
u
e−
(γ+δ)
2
φ0
[(
r˜
`
)wu
2d
− 2m
]
,
wu = 2d+ (d+ 1)γ2 − 2γδ − (d− 1)δ2 , u = γ2 − γδ + 2 , v = δ2 − γδ − 2 .
One can readily check that this general metric reduces to the d = 2 solution (2.18), and
similar properties listed there also apply to this metric.
Using the coordinate transform
r˜ → bra , a = − 2d
(γ + (d− 1)δ)(γ − δ) , (2.52)
b =
(
f˜0
a2
)a
2
`1−a , f˜0 =
8d`2 (−Λ) e−δφ0
u2w
, (2.53)
the metric can be recast into
ds2 = r−2+2θ/d
(
−a2`2r−2(z−1)f(r)dt2 +
d∑
i=1
dx2i +
dr2
f(r)
)
, (2.54)
f = 1− 2m
(
bra
`
)−wu
2d
= 1−
(
r
rH
) wu
(γ+(d−1)δ)(γ−δ)
= 1−
(
r
rH
)d+z−θ
, (2.55)
where we use Λ or φ0 to set b/` = 1 as
2 (−Λ) e−δφ0 = u
2wa2
4d
, (2.56)
Explicitly, the exponents are identified as follows in terms of γ, δ for d + 2 dimensional
solution
θ =
d2δ
γ + (d− 1)δ , z = 1 +
dδ
γ + (d− 1)δ +
2d
(γ − δ)(γ + (d− 1)δ) . (2.57)
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In turn we have
γ =
±√2 (d2 − dθ + θ)√−d3 + d3z − d2zθ + dθ2 , δ =
±√2θ√−d3 + d3z − d2zθ + dθ2 . (2.58)
Thus we can translate all the parameters in terms of z and θ. For example, we get
2 (−Λ) e−δφ0 = u
2wa2
4d
= (d+ z − θ − 1)(d+ z − θ) . (2.59)
The resulting solutions has the following form
S =
∫
dd+2x
√−g
[
R− Z
4
FµνF
µν − 1
2
(∂φ)2 + V
]
, (2.60)
ds2 = r−2+2θ/d
(
−r−2(z−1)f(r)dt2 +
d∑
i=1
dx2i +
dr2
f(r)
)
, (2.61)
eφ = rs , s = ±
√
2(1− θ/d)(d(z − 1)− θ) , (2.62)
V = V0e
− 2θ
sd
φ , V0 = (d+ z − θ − 1)(d+ z − θ) , (2.63)
Z =
1
q2
e
2(d2−(d−1)θ)
sd
φ , (2.64)
At = q
√
2(z − 1)
d+ z − θr
−d−z+θf , (2.65)
f = 1−
(
r
rH
)d+z−θ
, (2.66)
where we absorb the dimensionful factor by changing coordinate a`dt → dt and identify
q = e−
γ
2
φ0 . For other useful information, especially for d = 2, can be found in the previous
section, near the equation (2.24).
3 Theories with Schro¨dinger scaling I
Let us consider first the Schro¨dinger backgrounds, whose field theory duals have Schro¨dinger
symmetry, initiated in [81][82] for the case θ = 0. The holographic dictionary turns out to
be drastically different from that of the Lifshitz case. There are more than one holographic
direction, and d+3 dimensional gravity backgrounds with Schro¨dinger isometry corresponds
to d + 1 dimensional field theories. There are two light-cone coordinates: one has the role
of time, while the other supply the dual particle number M.9 Their finite temperature
generalizations are considered in [83]-[87] using the null Melvin twist [88][89]. See also
further string theory related solutions in [90]-[105]. In this section, we concentrate on a very
9 The role of the light-cone coordinate ξ has not been fully appreciated in the context of holography. See
some developments along this line in [106][107], whereM is generalized to be complex in the context of time
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nice paper [90], which worked out many different non-relativistic backgrounds using the null
Melvin twist.
At zero temperature, the theories with Schro¨dinger scaling symmetry are described by
the metric (1.1) with b = 1, a = 1 and D = d+ 1
ds2 = r−2+
2θ
d+1
(
−r−2(z−1)dt2 − 2 dtdξ + dr2 +
c∑
i=1
dx2i +
d∑
j=c+1
ηj(r, t, ~x)dx
2
j
)
. (3.2)
This metric is extensively analyzed in [11] for both cases with and without hyperscaling
violation exponent. In particular, a prescription for minimal surfaces of this “codimension 2
holography,” is proposed to demonstrate the (d−1) dimensional area law for the entanglement
entropy starting from (d + 3) dimensional Schro¨dinger backgrounds. Surprisingly, the area
law is violated for d + 1 < z < d + 2 due to the contribution of the spectator coordinate ξ,
even without hyperscaling violation. See [17] for the top-down approach for the hyperscaling
violation theories with Schro¨dinger backgrounds.
The program to restrict the parameter space of (z, θ) of the metric (3.2) for given spatial
dimensions d is carried out with the null energy condition. These are depicted in figure 1
and 2 of [11]. We observe a clear distinction, compared to the theories with Lifshitz scaling,
that the entanglement entropy condition as well as null energy condition have non-trivial
dependence on z. For example, the entanglement entropy shows an extensive violation
of the area law, being proportional to volume, for θ = d + 2 − z. Thus we expect to
exclude the parameter spaces for θ > d + 2 − z from the analysis of entanglement entropy.
We further investigate several different string theory solutions in Appendix §B. Thus, the
program equally works for the theories with Schro¨dinger scaling at zero temperature.
Naively, we desire to find the most general metrics with Schro¨dinger scaling at finite tem-
perature with the hyperscaling violation exponent θ only using the radial coordinates similar
to the Lifshitz case discussed in §2. We quickly realize that this attempt is bound to fail due
to the dimensionful parameter, b, which is present in the known Schro¨dinger black hole solu-
tions [83]-[87]. This parameter is intrinsically different from other dimensionful parameters
because it actually serves as a thermodynamic variable in the black hole thermodynamics.
Thus b can not be absorbed in the overall dependence associated with θ or in other coor-
dinates without altering the physical properties of the original solutions. It is difficult to
dependent setup. There one considers a slightly more general metric for θ = 0 and ] = 1 as
ds2 = r−2
(
−g(r, t)dt2 − 2 dtdξ + dr2 +
d∑
i=1
dx2i + h(r, t)drdt
)
. (3.1)
Two time correlation functions have been constructed to show slow dynamics, power law decaying behavior
in [106] for the pure imaginary M. Their logarithmic extension is investigated in [107] to seek connections
to the Kardar-Parisi-Zhang universality class. See also [108][109] for different considerations.
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constrain the most general Schro¨dinger invariant metric, because there are many different
scaling invariant combinations one can construct using r and b. Because of this, we change
our strategy to investigate the theories with a Schro¨dinger isometry at finite temperature.
We concentrate on the non-relativistic Dp branes solutions [90] at finite temperature as
our prime examples and dimensionally reduce them to understand their physical properties in
§3.1. By doing so, we explicitly check whether we can trust the naively constructed effective
holographic theories with Schro¨dinger isometry. In particular, we determine the dynamical
exponent of the non-relativistic Dp branes solutions in §3.1.1, which turns out to be a non-
trivial task. We investigate other physical properties including thermodynamics in the rest
of the section §3.1. While doing this investigation, we find an important technical reason for
the earlier observation that the thermodynamic properties of the Schro¨dinger backgrounds
are identical to those of the ALCF. We study the finite temperature entanglement entropy
in §3.2. There we explicitly check that the entanglement entropy cross over to the thermal
entropy in the high temperature limit, while it reproduces the zero temperature entanglement
entropy in the small temperature limit. Then we consider the effective approach based on
the results of the dimensional reduction in §3.3.
We separately consider the other geometries with Schro¨dinger scaling, ALCF, in the
following section §4 because they give fairly different looking physical properties at finite
temperature.
3.1 String theory realizations of Schro¨dinger backgrounds
Let us consider the following non-relativistic Dp branes solutions [90], constructed from the
black Dp brane solutions [110][111] using the null Melvin twist [88][89]. The metric can be
written in a slightly more organized form as
ds2Dp =
1
h
[
− f
b2(1− f)dt
2 +
b2(1− f)
K
(
dξ − 1 + f
(1− f)2b2 dt
)2
+
p−1∑
i=1
dx2i
]
+ h
[
1
f
dρ2 + ρ2
(
1
K
(dχ+A)2 + ds2P
)]
, (3.3)
eΦ =
(
h3−p
K
)1/2
, K = 1 + b2ρ2
(
ρH
ρ
)7−p
, (3.4)
B =
ρ2
K
(dχ+A) ∧
(
1 + f
2
dt− b2(1− f)dξ
)
, (3.5)
h2 = 1 +
(
ρp
ρ
)7−p
, f(ρ) = 1−
(
ρH
ρ
)7−p
. (3.6)
We consider the near horizon geometry with h →
(
ρp
ρ
)(7−p)/2
, followed by the change
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of coordinate ρ = 1/u, followed by the compactification of the solution down to (p + 2)
dimensions. Dimensional reduction to p+ 2 dimensions and going to Einstein frame give
ds2 = r−
2(9−p)
p(5−p)K
1
p
[
−f
b2(1− f)dt
2 +
b2(1− f)
K
(
dξ − 1 + f
2b2(1− f)dt
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
, (3.7)
K = 1 + c b2 r
−2 7−p
5−p
H r
2 , f = 1−
(
r
rH
) 2(7−p)
5−p
, (3.8)
where we use u =
(
2
5−p
)− 2
5−p
u
7−p
5−p
p r
2
5−p and c =
(
2
5−p
) 4
5−p
u
−2 7−p
5−p
p . With this form at hand,
we realize that the thermodynamic properties, related to the horizon such as temperature
and entropy, of the Schro¨dinger type solutions are independent of K. This is an important
technical detail that verify the earlier claims that the thermodynamics of the Schro¨dinger
type theories are identical to those of the ALCF [83][84][112]. This is checked explicitly in
§3.1.2 below.
Thus the non-relativistic Dp brane solutions (3.3) gives the Schro¨dinger type theories
with hyperscaling violation with the identifications
θ = p− 9− p
5− p = −
(p− 3)2
5− p , (3.9)
where we use D = p = d + 1. Note that the overall dimensionful parameter only contains
up, which is important to provide a unique physical meaning to the hyperscaling violation
exponent, without being mixed with the other thermodynamic parameters, b and rH .
3.1.1 Determination of the dynamical exponent
Here we would like to identify the dynamical exponent in terms of the parameter p by taking
the zero temperature limit carefully. There is actually a subtle point.
At first glance, it is tempting to use the ADM form of the metric (3.7) to identify the
dynamical exponent from the first term with dt2.
−f
b2(1− f)dt
2 =
[
b−2r
2(7−p)
5−p
H
]
r
−2(7−p)
5−p (−fdt2) . (3.10)
Naively, we can identify the dynamical exponent in terms of the radial dependence by ab-
sorbing all the dimensionful parameters into t by redefining t→ br−
(7−p)
5−p
H t. Then we get
z′ =
12− 2p
5− p , (3.11)
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Seemingly, it is consistent with the fact that K ≈ 1 is not important because of the physically
relevant range 0 ≤ r ≤ rH . But this identification is not consistent with that of the zero
temperature Schro¨dinger background due to a subtle cancellation involved with a subleading
term in K.10
Let us identify the dynamical exponent using a slightly different form of the metric (3.7)
ds2 = r−2+
2θ
p
(
(1 + f)2 − 4fK
4b2(1− f)K dt
2 +
b2(1− f)
K
dξ2 − 1 + f
K
dtdξ
+
p−1∑
i=1
dx2i +
dr2
f
)
. (3.12)
Let us take a zero temperature limit, rH →∞, or asymptotic form at the boundary, r → 0.
ds2 = r−2+2θ/p
(
−cr −45−pdt2 − 2dtdξ +
p−1∑
i=1
dx2i +
dr2
f
)
. (3.13)
The constant c in front of the term dt2 can be absorbed by redefining t and ξ. Thus we
should identify the dynamical exponent
2− 2z = −4
5− p −→ z =
7− p
5− p , (3.14)
to be in consistent with the zero temperature background. In turn, we can identify z′ in
terms of z as
z′ =
12− 2p
5− p = z + 1 . (3.15)
Thus z is the correct dynamical exponent we are going to use in this section because it is
consistent with the zero temperature limit. As a byproduct, we identify the parameter β in
terms of c as
c =
(
2
5− p
) 4
5−p
u
−2 7−p
5−p
p , (3.16)
which is independent of the parameters b and the horizon radius related to the temperature.
Note there are three different dimensionful parameters, up, b and uH , in the Schro¨dinger
metric at finite temperature. We can pull out up to be an overall factor by redefining
coordinates, and it contributes to the part related to the hyperscaling violation. The other
two are physical parameters, being two independent thermodynamic variables, which are
10If one include the scaling dimension of b for the identification of z from (3.10), he or she would get
the correct value. Our motivation starts from the low energy effective description without knowing precise
information on b and thus handling the parameter would be an important task.
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important to keep track. In this sense, z in equation (3.14) is well established because the
physical parameters b and uH are not involved in the identification process. On the other
hand, we need to be careful for the identification of (3.11) because it requires to redefine
t → br−
(7−p)
5−p
H t. The latter case would change or lose some physical information because the
coordinate redefinition is temperature dependent. (see related motivation in footnote 10.)
3.1.2 Thermodynamic Properties
Thermodynamic properties of the metric (3.12) are more transparent in the ADM form
(3.7). We can read off the lapse function N , the shift function V i and the horizon coordinate
velocity in the x− direction ΩH , which can be interpreted as chemical potential associated
with a conserved quantity along the x− direction.
N = r−
9−p
p(5−p)
√
f
(1− f)b2 , V
− = − 1
2b2
1 + f
1− f , ΩH =
1
2b2
. (3.17)
Some of the thermodynamic properties can be directly analyzed using the horizon prop-
erties. Temperature, entropy and chemical potential along the ξ direction are given by
T =
1
2pibrH
∣∣∣∣7− p5− p
∣∣∣∣ , ST ≈ br− 9−p5−pH Vp−1Vξ , Ω = 12b2 . (3.18)
Note that the entropy is independent of K, as explained above. There is a hidden dimen-
sionful parameters Rθ in the entropy expression. Assuming the front factor in metric (3.7)
being
(
r
R
)−2 ( r
Rθ
)2θ/p
, the entropy becomes ST =
(MplR)
p
4
R−θθ Vp−1Vξbr
− 9−p
5−p
H .
3.1.3 Reduction to Lifshitz type theories
It is interesting to connect to the Schro¨dinger type theories to Lifshitz type theories in one
way or another because the properties of the latter might shed some light to the former. Here
we just formally identify the exponents of the Schro¨dinger theories to that of the Lifshitz
theories by dimensionally reducing (3.7) along ξ coordinate.
The resulting p+1 dimensional Lifshitz type solution has the following metric in Einstein
frame
ds2 = r−
4
(p−1)(5−p)
(
br
− 7−p
5−p
H
) 2
p−1
 −f
b2r
− 2(7−p)
5−p
H
r−
2(7−p)
5−p dt2 +
p−1∑
i=1
dx2i +
dr2
f
 , (3.19)
where the metric has the same emblackening factor f = 1 −
(
r
rH
) 2(7−p)
5−p
, which still has
the pivotal role for the identification of the dynamical exponent as in the Schro¨dinger case.
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Note that the front factor K
1
p cancels out the contribution from reduced ξ coordinate. The
dimensionful parameters in the term dt2 can be absorbed by the coordinate redefinition.11
Thus we identify
θLF = −p
2 − 6p+ 7
5− p , zLF =
12− 2p
5− p . (3.20)
We would like to point out that the emblackening factor becomes
d+ z − θ = 2(7− p)
5− p , f = 1−
(
r
rH
)d+z−θ
, (3.21)
which shares the same property of the general theories with Lifshitz isometry advertised in
§2.1.
3.2 Entanglement entropy
We would like to evaluate the entanglement entropy for the Schro¨dinger backgrounds at
finite temperature described by the metric (3.7)
ds2 = r
2θ
p
−2K
1
p
[
−f dt2
(1− f)b2 +
(1− f)b2
K
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
,
f = 1−
(
r
rH
)2z
, K = 1 + β b2 r−2zH r
2 , (3.22)
where D = p = d+ 1 and β =
(
2
5−p
) 4
5−p
u−2zp = (z − 1)2(z−1)u−2zp . Note that we use θ, z just
for the notational simplicity in this section. They are given by
θ = −(p− 3)
2
5− p , z =
7− p
5− p . (3.23)
The entanglement entropy of the metric (4.18) with finite temperature can be computed
for a strip with ξ direction
0 ≤ ξ ≤ Lξ , −l ≤ x1 ≤ l , 0 ≤ xi ≤ L , i = 2, · · · , p− 1 (3.24)
in the limit l  L,Lξ. The strip is located at r = , and the profile of the surface in the
bulk is given by r = r(x1). The minimal surface has turning point at r = rt. Thus, to get
the entanglement entropy, we evaluate the following expression
l =
∫ rt
0
dr
1√
f
(r/rt)
α2 (K(r)/K(rt))
p/2p−1/2√
1− (r/rt)2α2 (K(r)/K(rt))p/p−1
, (3.25)
11We further assume that br
− 7−p5−p
H = 1 upon taking the dimensional reduction along the coordinate ξ. The
thermodynamic properties of the Lifshitz space are expected to be independent of the parameter b, and the
resulting Lifshitz metric is also expected to be independent of rH .
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and
A = Lp−2Lξ
∫ rt

dr
1√
f
(
br−zH
)
r−α2 K(r)−p/2p+1/2√
1− (r/rt)2α2 (K(r)/K(rt))p/p−1
, (3.26)
where α2 = p− z− θ. Note that the expression is independent of K because the front factor
K1/p multiplied by p times cancel 1/K in front of dξ2. Thus the entanglement entropy of the
Schro¨dinger black hole is identical to that of the ALCF, which is discussed in the following
section. Thus we get
l =
∫ rt
0
dr
1√
f
(r/rt)
α2√
1− (r/rt)2α2
, (3.27)
and
A = Lp−2Lξ
(
br−zH
) ∫ rt

dr
1√
f
r−α2√
1− (r/rt)2α2
. (3.28)
Note the extra dimensionless factor
(
br−zH
)
, which comes from the contribution (1− f)b2 in
front of dξ2 term. This factor gives us a chance that this entanglement entropy can be equal
to the thermal entropy given in (3.18).
Assuming α2 > 0, we can rewrite the integrals as, following [77]
l = rt
∫ 1
0
dΩ
ωα2√
1− (γω)2z√1− ω2α2 , (3.29)
and
A = Ld−1Lξ
(
br−zH
)
r1−α2t
∫ 1
/rt
dΩ
([
ω−α2√
1− (γω)2z√1− ω2α2 −
1
ωα2
]
+
1
ωα2
)
, (3.30)
where the square bracket part is finite for α2 > 0 and
ω =
r
rt
, γ =
rt
rH
< 1 . (3.31)
The last term can be computed as
Adiv = Lp−2Lξ
(
br−zH
)
r1−α2t
∫ 1
/rt
dΩ
1
ωα2
= Lp−2Lξ
(
br−zH
) 1
α2 − 1
1
α2−1
, (3.32)
which is the divergent contribution of the zero temperature background.
At small temperature, we can evaluate the integral as
l = rt
∫ 1
0
dΩ
ωα2√
1− (γω)2z√1− ω2α2 ≈
√
pirt
Γ
(
1+α2
2α2
)
Γ
(
1
2α2
) (3.33)
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and
Afin ≈ Lp−2Lξ
(
br−zH
)
r1−α2t
∫ 1
dΩ
ω−α2√
1− ω2α2
(
1 +
1
2
(γω)2z + · · ·
)
,
= Lp−2Lξ
(
br−zH
)
l1−α2 cθ
− 1
α2 − 1 +
γ2z
4α2
Γ
(
−α2+2z+1
2α2
)
Γ
(
2z+1
2α2
) Γ
(
1
2α2
)
Γ
(
1+α2
2α2
) + · · ·
 , (3.34)
Thus, for the low temperature limit, the entanglement entropy for a strip in the general
metric (3.22) is given in terms of (b, rH) as
S = (RMPl)
p
4(α2 − 1)
b
rzH
((

Rθ
)θ
Lp−2Lξ
p−z−1
−cθ
(
l
Rθ
)θ
Lp−2Lξ
lp−z−1
[
1− c˜θ
(
l
rH
)2z
+ · · ·
])
, (3.35)
where Rθ is a scale in which the hyperscaling violation becomes important and
cθ =
√piΓ
(
1+α2
2α2
)
Γ
(
1
2α2
)
α2 , c˜θ = (α2 − 1)√pi
4α2
c
− 2z+1
α2
θ
Γ
(
−α2+2z+1
2α2
)
Γ
(
2z+1
2α2
) . (3.36)
Note that the scaling mismatches of the factor
Lp−2Lξ
p−z−1 and
Lp−2Lξ
lp−z−1 are made up by that of
b
rzH
.
In the high temperature limit,
l = rt
∫ 1
dΩ
ωα2√
1− (γω)2z√1− ω2α2 = rtI+ (γ) , (3.37)
and
A = Lp−2Lξ
(
br−zH
)
r1−α2t
∫ 1
dΩ
ω−α2√
1− (γω)2z√1− ω2α2
= Lp−2Lξ
(
br−zH
)
r1−α2t I− (γ) . (3.38)
When γ → 1, rt ≈ rH , the integrals I+ (γ) and I− (γ) are dominated by the contribution
ω ≈ 1 and thus I+ (γ) ≈ I− (γ) ≈ l/rt [8]. Thus
Sfin ≈ (MplR)
p
4
R−θθ L
p−2Lξl b r
−p+θ
H =
(MplR)
p
4
R−θθ L
p−2Lξl b r
− 9−p
5−p
H , (3.39)
which agrees with the thermal entropy evaluated in (3.18).
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3.3 Searching for effective theories
In this section, we would like to answer a question, “Can we construct the most general low
energy and lower dimensional effective holographic metrics with Schro¨dinger scaling at finite
temperature?” The answer seems to be partial due to the special form we consider.
For now, we can think about the class of metrics of the form with two parameters (θ, z)
ds2 = r
2θ
p
−2K
1
p
[
−f dt2
(1− f)b2 +
(1− f)b2
K
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
,
f = 1−
(
r
rH
)2z
, K = 1 + β b2 r−2zH r
2 . (3.40)
Note the emblackening factor f , whose form is fixed only with dynamical exponent z. Let us
comment the scaling symmetry of the metric (3.7), which is described by the transformations
t→ λzt , ξ → λ2−zξ , r → λr , xi → λxi , (3.41)
b→ λz−1b , β → λ0β , rH → λrH . (3.42)
The corresponding zero temperature limit is explicitly considered in §3.1.1. We would like
to investigate the physical properties of this metric from the spirit of §2.1 for z > 0 and
postpone an important question whether this class of metrics can be further generalized.
Can we restrict further the allowed regions of the parameter space of (θ, z) using specific
heat constraint? We already calculate them in (3.18) of §3.1.2.
T ∼ 1
brH
, ST ∼ br−p+θH , Ω =
1
2b2
. (3.43)
From these thermodynamic quantities, we calculate the specific heat for fixed Ω for z > 0,
even though the result is less restrictive than that for fixed particle number N .12 The
condition T ∂S
∂T
|Ω > 0 gives θ < p = d+ 1 for z > 0. This condition is actually less restrictive
than the entanglement entropy constraint, θ < d+ 2− z. Thus we are not able to constrain
more than what we did with the zero temperature metric once we include the constraint
entanglement entropy analysis as well as null energy conditions, which are analyzed in [11].
In particular, the null energy condition gives two independent constraints
(z − 1)(d+ 2z)(d+ 1)− z(d+ 1)θ + θ2 ≥ 0 ,
(z − 1)(d+ 2z − θ) ≥ 0 , (3.44)
12 It is expected to constrain the parameter space more strictly if we use the specific heat with fixed
particle number. The over all sign of the ΩN term is negative similar to the pressure and volume PV , where
CV is more constraining than CP at least for the ideal thermodynamics. It would be interesting to evaluate
all the thermodynamic quantities including energy E and dual particle number N . Simply these are not
available yet. Thus we would like to consider a specific heat with fixed Ω to constrain the parameter spaces.
We thanks to Carlos Hoyos for the discussions related to this point.
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where we use D = p = d+ 1.
Figure 3: The left plot shows the allowed region (dark red) for the Schro¨dinger background for d = 2
after taking into account of the specific heat condition for fixed Ω, θ < d+ 1 in addition to the null energy
condition. The region between two dashed lines indicates some novel phases from the entanglement entropy
analysis [11]. The left plot can be further constrained by the entanglement entropy analysis, θ < d+ 2− z,
which is given in the middle plot. Thus the purple region is allowed for z > 0. The right plot shows the
regions allowed by the null energy condition (blue), the specific heat (red), and the entanglement analysis.
The purple region is allowed after taking into account these conditions for d = 3.
Can we remove the parameter b for the low energy description? The answer is no. The
reason is already stressed above that the physical parameter b has a crucial role in black hole
thermodynamics. Thus any change would result in changing its thermodynamics, which
is not allowed. Furthermore, b is relevant for all energy scales because it has zero mass
dimension, while it carries definite scaling dimensions.
Let us finish this section by commenting the case z < 0. Seeming there are several differ-
ent solutions with negative dynamical exponents, which can be obtained from the consistent
string theory backgrounds [97][113][114].13 While it is not clear that these theories are con-
sistent or useful, it is interesting to have careful investigations for them. Some holographic
backgrounds with negative dynamical exponents are also reported in different contexts, see
e.g. [12]. We also find that the null Melvin twisted version of the seemingly non-singular
KK monopole solution exhibits a negative dynamical exponent §B.5.
4 Theories with Schro¨dinger scaling II
As we already point out, there are two different realizations of holographic theories with
Schro¨dinger scaling. Here we consider a simpler realization, so-called AdS in light-cone
13We thank to Nikolay Bobev and especially Yaron Oz for the references and related discussions and
comments.
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(ALCF). The case without hyperscaling violation, θ = 0, is introduced in [115][116], and
further generalized to finite temperature in [84][112]. The transport properties of this back-
ground is analyzed in [112][117]. The magneto-transport properties analyzed in [117] are
very similar to those of the high Tc cuprates at very low temperature. See also [118]. The
transport properties are further generalized using higher derivative corrections in [119].
At zero temperature, ALCF are described by the metric (1.1) with b = 0, a = 1
ds2 = r−2+
2θ
d+1
(
−2 dtdξ + dr2 +
c∑
i=1
dx2i +
d∑
j=c+1
ηj(r, t, ~x)dx
2
j
)
, (4.1)
where D = d+1. This metric is also analyzed in [11] along with the Schro¨dinger backgrounds
(3.2) for both cases with and without hyperscaling violation exponent. There similar results
on the minimal surface prescriptions and thus entanglement entropy are obtained. Recently,
hyperscaling violation of the R-charged black holes are analyzed in [30].
The program to restrict the parameter space of (z, θ) of the metric (4.1) for d spatial
dimensions is carried out with the null energy condition, which are depicted in figure 3 for
d = 2 and 3 [11]. For this case, the null energy condition is similar to the Lifshitz case, while
the entanglement entropy condition is similar to Schro¨dinger backgrounds with non-trivial
dependence on z. Thus the classification at zero temperature works as the other cases.
The program of classifying ALCF at finite temperature has the similar difficulties as the
Schro¨dinger background. See the introduction of §3. Thus we concentrate on the ALCF ver-
sion of the relativistic black Dp branes solutions as our prime examples and dimensionally
reduce them to understand their physical properties in §4.1. We find the dynamical exponent
of the ALCF at finite temperature is not fixed by the parameters of the microscopic string
theories. In the rest of §4.1, we study the thermodynamics ALCF and their dimensional
reduction to Lifshitz theories along the ξ coordinate. We study the finite temperature en-
tanglement entropy in §3.2, followed by the effective approach based on the results of the
dimensional reduction in §3.3.
4.1 String theory realizations for ALCF
We are primarily interested in the black Dp branes solutions [110][111][37], whose metric is
given by
ds2Dp = h
−1/2
(
−fdτ 2 +
p∑
i=1
dx2i
)
+
h1/2
r˜4
(
1
f
dr˜2 + r˜2dΩ28−p
)
, (4.2)
f = 1−
(
r˜
r˜H
)7−p
, h = 1 +
(
r˜
r˜0
)7−p
, e−2(Φ−Φ∞) = h(p−3)/2 , (4.3)
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where we omit RR fields and the corresponding type II supergravity action. We compactify
this solution on S8−p down to (p+ 2) dimensions to get
ds2p+2 = h
−1/2
(
−fdτ 2 +
p∑
i=1
dx2i
)
+
h1/2
r˜4f
dr˜2 , (4.4)
and the action acquire additional radial dependence from the radial dependence of S8−p
S =
V (Ω8−p)
2κ210
∫
dp+2x
√−gp+2e−2Φp+2Rp+2 + · · · , (4.5)
where e−2Φp+2 = h
p+2
4 r˜p−8 represents the radial dependence, not a dilaton. Using ds2 →(
e−2Φp+2
) 2
p ds2, we go to the Einstein frame in p+ 2 dimensions
ds2Dp = r
− 2(9−p)
p(5−p)
(
−fdτ 2 +
p∑
i=1
dx2i +
1
f
dr2
)
, f = 1−
(
r
rH
) 2(7−p)
5−p
, (4.6)
where we use h →
(
r˜
r˜0
)7−p
for the near horizon limit and additional change of a variable
r˜ ∼ r 25−p . The overall dimensionful factor was not carried over.
The operation of the dimensional reduction commutes with changing into the light-cone
frame, which is defined by
t =b(τ + x) , ξ =
1
2b
(τ − x) . (4.7)
We assign the scaling dimension of b as [b] = 1− z in the mass unit, and thus [t] = −z and
[ξ] = z − 2 to have manifest dynamical exponent z. The metric takes the form
ds2 = r−
2(9−p)
p(5−p)
(
1− f
4b2
dt2 − (1 + f)dtdξ + (1− f)b2dξ2 +
p−1∑
i=1
dx2i +
1
f
dr2
)
. (4.8)
At zero temperature, f = 1, this metric is reduced to
ds2 = r−
2(9−p)
p(5−p)
(
−2dtdξ +
p−1∑
i=1
dx2i + dr
2
)
. (4.9)
The basic properties of this metric was analyzed in [11]. We have the following identification
for θ
θLC = −(p− 3)
2
5− p , (4.10)
where we use D = p = d+ 1 for the Schro¨dinger case.
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For later use, we would like to explicitly write the physical ADM form
ds2 =
(
r
Rθ
)− 2(9−p)
p(5−p)
(
−f dt2
(1− f)b2 + (1− f)b
2
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
)
, (4.11)
where Rθ represent a scale where the hyperscaling violation becomes significant. Let us
comment the scaling symmetry of the metric (4.11), which is described by the transformations
t→ λzt , ξ → λ2−zξ , r → λr , xi → λxi , b→ λz−1b , rH → λrH . (4.12)
Similar to the Schro¨dinger background, we would like to determine the dynamical expo-
nent for the ALCF metric (4.11). We would like to remind the reader that the identification
of the dynamical exponent z is not clear for the zero temperature metric (4.9). Actually the
metric (4.9) describes ALCF system for general z at zero temperature [11]. Furthermore,
the scaling transformation (4.12) does not fix the dynamical exponent in terms of other pa-
rameters, such as p. Thus we leave the dynamical exponent undetermined for the case here,
too.14
4.1.1 Thermodynamic Properties
Thermodynamic properties of the metric (4.8) are more transparent in the ADM form (4.11).
From this ADM form, we can read off the lapse function N , the shift function V i and the
horizon coordinate velocity in the x− direction ΩH , which can be interpreted as chemical
potential associated with the conserved quantities along the x− direction, as
N = r−
9−p
p(5−p)
√
f
(1− f)b2 , V
− = − 1
2b2
1 + f
1− f , ΩH =
1
2b2
. (4.13)
Some of the thermodynamic properties can be directly analyzed using the horizon prop-
erties. The temperature, entropy and chemical potential along the ξ direction are given
by
T =
1
2pibrH
∣∣∣∣7− p5− p
∣∣∣∣ , ST = b(rHRθ
)− 9−p
5−p
Vp−1Vξ , Ω =
1
2b2
. (4.14)
Due to the presence of the parameter b, it is not straightforward to identify the precise
relation between the thermal entropy ST and the temperature T .
14 From this metric (4.11), we consider the first term in the parenthesis −f(1−f)b2 = −b−2r
2(7−p)
5−p
H r
− 2(7−p)5−p f
where the dimensionful parameters b−2r
2(7−p)
5−p
H can be absorbed by redefining the coordinate t. It is tempting
to identify the dynamical exponent zLC as zLC = 1 +
7−p
5−p =
12−2p
5−p . But this is dangerous thing to do due
to the fact that physical thermodynamic parameters are absorbed in time.
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4.1.2 Reduction to theories with Lifshitz scaling
As done in the Schro¨dinger type theories, here we just formally identify the exponents of
the ALCF theories to that of the Lifshitz theories by dimensionally reducing (4.11) along ξ
coordinate.
The resulting p+1 dimensional Lifshitz type solution has the following metric in Einstein
frame
ds2 = r−
4
(p−1)(5−p)
[
−fr− 2(7−p)5−p dt2 +
p−1∑
i=1
dx2i +
dr2
f
]
, (4.15)
where we also take br
− 7−p
5−p
H = 1 as we comment in footnote 11. Now the metric has the same
emblackening factor f = 1−
(
r
rH
) 2(7−p)
5−p
as that of (3.19) considered in §3.1.3. We note that
this form is the same as that of the Schro¨dinger case. Thus we identify
θLF = −p
2 − 6p+ 7
5− p , zLF =
12− 2p
5− p . (4.16)
We would like to emphasize that this case also belongs to the typical case of emblackening
factor, which can be identified as
d+ zLF − θLF = 2(7− p)
5− p , f = 1−
(
r
rH
)d+zLF−θLF
, (4.17)
which seems to be persisting for this case also, as advertised in §2.1.
4.2 Entanglement entropy
We would like to evaluate the entanglement entropy for the ALCF background at finite
temperature described by the metric (4.11) following [77][8].
ds2 =
(
r
Rθ
)−2+2θ/p [ −f dt2
(1− f)b2 + (1− f)b
2
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
,
f = 1−
(
r
rH
)2 7−p
5−p
, (4.18)
where D = p = d+ 1. Note that we did not specify the emblackening factor in terms of z.
The entanglement entropy of the metric (4.18) with finite temperature can be computed
for a strip with ξ direction
0 ≤ ξ ≤ Lξ , −l ≤ x1 ≤ l , 0 ≤ xi ≤ L , i = 2, · · · , p− 1 (4.19)
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in the limit l  L,Lξ. The strip is located at r = , and the profile of the surface in the
bulk is given by r = r(x1). The minimal surface has turning point at r = rt. Thus, to get
the entanglement entropy, we evaluate the following expressions
l =
∫ rt
0
dr
1√
f
(r/rt)
α2√
1− (r/rt)2α2
, (4.20)
and
A = Lp−2Lξ
(
br
− 7−p
5−p
H
)∫ rt

dr
1√
f
r−α2√
1− (r/rt)2α2
, (4.21)
where α2 = p − 7−p5−p − θ. Note that there is a clear difference compared to (2.6), the extra
dimensionless factor
(
br
− 7−p
5−p
H
)
, which comes from the contribution (1− f)b2 in front of dξ2
term. This factor gives us a chance that this entanglement entropy can be equal to the
thermal entropy (4.14).
The rest of the calculations are similar to the previous case §3.2, and we present the final
results. For the low temperature limit, the entanglement entropy for a strip in the general
metric (4.18) is given by
S = (RMPl)
p
4(α2 − 1)
b
r
7−p
5−p
H
((

Rθ
)θ
Lp−2Lξ
p−1−
7−p
5−p
−cθ
(
l
Rθ
)θ
Lp−2Lξ
lp−1−
7−p
5−p
[
1− c˜θ
(
l
rH
)2 7−p
5−p
+ · · ·
])
, (4.22)
which has the same form as (3.35) with suitable identification of z, which we do not specify
due to the reason explained above.
In the high temperature limit,
l = rt
∫ 1
dΩ
ωα2√
1− (γω)2z−2√1− ω2α2 = rtI+ (γ) , (4.23)
and
A = Ld−1Lξ
(
br
− 7−p
5−p
H
)
r1−α2t
∫ 1
dΩ
ω−α2√
1− (γω)2z−2√1− ω2α2
= Ld−1Lξ
(
br
− 7−p
5−p
H
)
r1−α2t I− (γ) . (4.24)
When γ → 1, rt ≈ rH , the integrals I+ (γ) and I− (γ) are dominated by the contribution
ω ≈ 1 and thus I+ (γ) ≈ I− (γ) ≈ l/rt [8]. Thus
Sfin ≈ R−θθ Ld−1Lξl b r−p+θH = R−θθ Ld−1Lξl b r
− 9−p
5−p
H , (4.25)
which agrees with the thermal entropy evaluated in (4.14).
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4.3 Searching for ALCF effective theories
In this section, we would like to ask a similar question, “Can we construct the most gen-
eral low energy and lower dimensional ALCF effective holographic metrics with Schro¨dinger
scaling at finite temperature?” The answer seems to be more unclear for this case compared
to Schro¨dinger case at finite temperature.
For now, we can think about the class of metrics of the form with a parameter θ for
arbitrary z
ds2 = r
2θ
p
−2
[
−f dt2
(1− f)b2 + (1− f)b
2
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
,
f = 1−
(
r
rH
) 7−p
5−p
. (4.26)
Note the emblackening factor f does not have a definite dependence on z, due to the fact
that this metric is valid for arbitrary dynamical exponent z [11]. See also the discussion
around (4.11). With this form, specific heat constraint from (4.14) does not give us further
constraint because the expressions are well defined for given p.
Now we change our attention a little and try to understand the differences between the
Schro¨dinger backgrounds (3.40) and those of ALCF (4.26). For this purpose we fix the
dynamical exponent of the ALCF metric as zLC =
7−p
5−p . Thus for the rest of the section we
consider the metric
ds2 = r
2θ
p
−2
[
−f dt2
(1− f)b2 + (1− f)b
2
(
dξ − 1 + f
1− f
dt
2b2
)2
+
p−1∑
i=1
dx2i +
dr2
f
]
,
f = 1−
(
r
rH
)z
. (4.27)
Thermodynamical properties of this metric is given by
T ∼ 1
brH
, ST ∼ brθ−pH , Ω =
1
2b2
. (4.28)
Similar to the discussion around the equation (3.43) and footnote 12, we would like to restrict
further the allowed regions of the parameter space of (θ, z) using specific heat constraint at
fixed Ω. The condition T ∂S
∂T
|Ω > 0 gives θ < p = d + 1 for z > 0. This condition is actually
less restrictive than the entanglement entropy constraint, θ < d + 2 − z, which might be
improved once we can use the specific heat constraint for fixed particle number.
Thus we have the following constraints. At zero temperature, we have the entanglement
entropy analysis θ < d+ 2− z as well as the null energy conditions [11].
θ(θ − d− 1) ≥ 0 → θ ≤ 0 or θ ≥ d+ 1 . (4.29)
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At finite temperature, we add θ < p = d+ 1 for z > 0 from specific heat constraint at fixed
chemical potential Ω. This is summarized in figure 4.
Figure 4: The left plot shows the allowed region (dark red) for the Schro¨dinger background for d = 2
after taking into account of the specific heat condition for fixed Ω, θ < d+ 1 in addition to the null energy
condition. The region between two dashed lines indicates some novel phases from the entanglement entropy
analysis [11]. The left plot can be further constrained by the entanglement entropy analysis, θ < d+ 2− z,
which is given in the middle plot. Thus the purple region is allowed for z > 0. The right plot shows the
regions allowed by the null energy condition (blue), the specific heat (red), and the entanglement analysis.
The purple region is allowed after taking into account these conditions for d = 3.
5 Summary and Outlook
The main theme we would like to put forward is that the hyperscaling violation exponent θ
along with the dynamical z and the spatial anisotropic ] exponents can be viewed a unified
framework for the low energy and lower dimensional effective holographic theories. One
clear observation is that the hyperscaling violation exponent captures the degree of violation
of conformal symmetry of the microscopic string theory solutions. Conformal invariant
solutions would give θ = 0 upon simple dimensional reduction, while nonconformal solutions
would produce non zero θ.
We initiate a simple classification of these effective holographic theories with definite
scaling symmetries. Our examples include the theories with Lifshitz, including the relativistic
z = 1 case, and Schro¨dinger scaling. Our classification is simple because we only care about
the metric, discarding the corresponding action and matter contents. This can be justified,
partially at least, by the fact that one metric can be supported by more than single set of
action with corresponding matter contents [50]. Thus classifying theories with full solutions
might be redundant, certainly for the physical properties directly related to the metric.
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As shown in the main body, this program is successful for the theories with Lifshitz
scaling, which is described by the simple metric (2.1)
ds2d+2 = r
−2(d−θ)/d
(
−r−2(z−1)f(r)dt2 + dr
2
f(r)
+
d∑
i=1
dx2i
)
,
f(r) = 1−
(
r
rH
)d+z−θ
, (5.1)
where θ and z are the hyperscaling violation and dynamical exponents. This metric is
extensively studied in the context of Einstein-Maxwell system with a dilaton [4][71] and
in the context of systems with hyperscaling violation [7][8]. Several observations are in
order. First, many different microscopic string solutions reduce to this simple and universal
form upon sphere reduction, as we have checked here. The metric is universal even at finite
temperature with a fixed emblackening factor f . Second, the information of the dimensionful
parameter in the string theory solution is directly transferred to the front factor, captured
by the hyperscaling violation exponent θ. Third, this metric has been known to be the
most general IR scaling solution for Einstein-Maxwell system with one scalar [5]. Fourth, if
there are more than one dimensionful parameters active in the effective theories, additional
exponents, called spatial anisotropic exponents, would come into play.
Once one accepts this, further procedures are required to restrict the allowed space of the
parameters (z, θ) [6][8]. This can be done by using null energy conditions and the condition
from entanglement entropy analysis at zero temperature. The allowed parameter space is
further restricted by the positive specific heat constraint. The result for the theories with
Lifshitz scaling is summarized in the figure 1. This result is tested against the earlier, similar
in spirit, program to constrain the allowed parameter space of the full solution [4][51], using
the Gubser’s constraint [75] as well as the well defined fluctuation problems around the
horizon. The allowed regions of the latter is summarized in the figure 2. After taking into
account of the positive specific heat constraint, these two programs to restrict the allowed
region of the parameter space (z, θ) are identical, signalling success of our program at least
for the theories with Lifshitz isometry.
We also consider two different theories with Schro¨dinger scaling : Schro¨dinger back-
grounds and ALCF (AdS in light-cone). The classification goes well at zero temperature
similar to that of the Lifshitz isometry.
ds2 = r−2+2θ/D
(
−b r2−2zdt2 − 2dtdξ + dr2 +
c∑
i=1
dx2i +
d∑
j=c+1
r2−2]j dx2j
)
, (5.2)
where D = d+1 and ]j are the spatial anisotropic exponents. We consider here two different
theories, Schro¨dinger backgrounds with b = 1 and ALCF with b = 0. At finite temperature,
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there exist additional dimensionful parameter b entering our story, which also has role in
their thermodynamics. We can not simply remove or absorb this b without changing their
physical properties. Thus we should carry over this parameter. The classification becomes
complicated in the description of the effective theories because there are many different
scaling invariant combinations one can come up with the parameter b along with the radial
direction and other parameters in the theory. Thus the program need much more care
compared to that of the Lifshitz case. The results are summarized in the figure 3 for the
Schro¨dinger case and in the figure 4 for the ALCF.
We are observing intricate and active interplay between many different disciplines, es-
pecially the string theory and condensed matter, via gauge gravity duality. Our program
would be useful for the high energy community to provide useful guides for the available
theories with various scaling symmetries, not to mention for the condense matter applica-
tions. We investigate the systematic studies of the holographic backgrounds with scaling
symmetries using the simplest sphere reduction. It is interesting to generalize this program
by incorporating non-trivial internal geometries and various higher modes in the dimensional
reduction as well as by tackling less symmetric holographic backgrounds. Generally, it is ex-
pected to introduce more exponents as the reduction becomes more complicated. Theories
with Schro¨dinger isometry are more involved due to the presence of a new thermodynamic
parameter at finite temperature and requires more investigations. It will be also interesting
to investigate further the backgrounds with the negative dynamical exponents.
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Appendix
A Dimensional reduction of theories with Lifshitz scaling
In this section, we consider several different string theory solutions and their dimensional
reductions (simple sphere reduction) of their compact coordinates. We compare the resulting
backgrounds to the general form given in (1.1) to check whether we can get some useful
information, which is universal over several different examples. In particular, all the worked
out examples in this section has the metric structure given in (2.1) at finite temperature
(if the finite temperature generalizations are available). For the convenience, we write the
metric here again
ds2d+2 = r
−2(d−θ)/d
(
−r−2(z−1)f(r)dt2 + dr
2
f(r)
+
d∑
i=1
dx2i
)
, f(r) = 1−
(
r
rH
)d+z−θ
.
The examples we consider here include the Dp branes, M2, M5 branes, Dp-Dq and inter-
secting M-brane systems.
A.1 Near extremal Black Dp branes
Dimension reduction of Dp branes in the context of hyperscaling violation are analyzed in
[8]. This serves as our prime examples. Here we add some more details. The 10 dimensional
non-extremal Dp brane metric in string frame is
ds2Dp,str = H
−1/2
(
−fdt2 +
p∑
i=1
dx2i
)
+H1/2
(
dr˜2
f
+ r˜2dΩ28−p
)
, (A.1)
H = 1 + sinh2 β
r˜7−pH
r˜7−p
, f = 1− r˜
7−p
H
r˜7−p
,
eφ−φ0 = gsH(3−p)/4 , C01···p = coth β g−1s (1−H−1) .
To analyze the thermodynamic properties and dimensional reduction later, we rewrite the
metric in Einstein frame using ds2E = e
−φ/2ds2str = H
p−3
8 ds2str.
ds2Dp,E = H
−(7−p)/8
(
−fdt2 +
p∑
i=1
dx2i
)
+H(p+1)/8
(
dr˜2
f
+ r˜2dΩ28−p
)
. (A.2)
The temperature and entropy of the geometry are given by
T =
7− p
4pi cosh β
1
r˜H
, S =
Ω8−p
4G10
Vp cosh β r˜
8−p
H , (A.3)
where Ω8−p is the volume of the S8−p, and we use H = 1 + sinh
2 β
r˜7−pH
r˜7−p = cosh
2 β.
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We also consider the near extremal limit for a small temperature, H = 1 + sinh2 β
r˜7−pH
r˜7−p →
r˜7−p0
r˜7−p . The temperature and entropy of the geometry for the near extremal limit are given by
T =
f ′(r˜H)
4piH(r˜H)1/2
=
7− p
4pi
r˜
(5−p)/2
H
r˜
(7−p)/2
0
, (A.4)
S =
VpV (S
8−p)
4G10
H(r˜H)
1/2r˜8−pH =
Ω8−p
4G10
Vpr˜
(7−p)/2
0 r˜
(9−p)/2
H , (A.5)
where we use the volume of unit n sphere (surface area of unit n + 1 dimensional ball)
Ωn =
2pi(n+1)/2
Γ((n+1)/2)
. Thus we check the temperature dependence of the entropy S ∼ T 9−p5−p in the
near extremal limit.
With these basic information, we would like to compactify this theory on S8−p down to
p+ 2 dimensions. Here the action has the form
S =
1
2κ210
∫
d10x
√−gR+ · · ·
=
V (S8−p)R8−p
2κ210
∫
dp+2x
√−gp+2e−2Φp+2 (Rp+2 + · · · ) , (A.6)
where R is some dimensionful constant to match the dimension. Here it is natural to take
R = r˜0. In the main body, we assume that there is a dimensionful parameter to match the
dimension after the dimensional reduction. e−2Φp+2 represents r˜ dependence coming from
the compactification, and the lower dimensional newton constant κp+2 can be expressed
explicitly. They are
e−2Φp+2 = H(p+1)(8−p)/16
(
r˜
R
)8−p
,
1
2κ2p+2
=
V (S8−p)R8−p
2κ210
. (A.7)
Note that Φp+2 is not a dilaton. Finally, using ds
2 → (e−2Φp+2) 2p ds2, the Einstein frame
metric has the following form
ds2p,E = H
1
p
(
r˜
R
) 2(8−p)
p
(
−fdt2 +
p∑
i=1
dx2i +H
dr˜2
f
)
, (A.8)
By changing a variable H1/2dr˜ = dr, we can get the standard form.
We explicitly consider the near extremal limit, H ≈ r˜7−p0
r˜7−p . Then we get
ds2p,E =
(
r˜7−p0
r˜7−p
) 1
p
(
r˜
R
) 2(8−p)
p
(
−fdt2 +
p∑
i=1
dx2i +
r˜7−p0
r˜7−p
dr˜2
f
)
. (A.9)
Finally, by changing a variable r˜ =
(
(p−5)2r˜p−70
4
)1/(p−5)
r
2
p−5 , we arrive at
ds2p,E = a r
2(9−p)
p(p−5)
(
−fdt2 +
p∑
i=1
dx2i +
dr2
f
)
, f = 1−
(
r
rH
)− 2(7−p)
p−5
, (A.10)
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where a =
(
p−5
2
) 2
p−5 R−
2(8−p)
p (r˜0)
5(p−7)
p(p−5) and the r dependent factor in emblackening factor can
be identified as −2(7− p)/(p− 5) = d+ z − θ. Compared to the metric (2.1), we conclude
d = p , θ =
(p− 3)2
p− 5 , z = 1 . (A.11)
This case has a positive dynamical exponent z = 1 as we expected. The corresponding
temperature and entropy of the reduced effective geometry are
T =
f ′(rH)
4pi
=
|d+ z − θ|
4pirH
=
1
2pirH
∣∣∣∣7− p5− p
∣∣∣∣ ,
S =
1
4Gp
ap/2Vpr
− 9−p
5−p
H ∼ T
9−p
5−p = T
d−θ
z . (A.12)
The temperature and entropy (A.12) are the same as those evaluated in (A.4) if one correctly
identifies the parameters before and after the dimensional reduction.
A.2 Black M2 brane
Similarly we consider the dimensional reduction of the black M2 brane solution and its
dimensional reduction to 4 dimensions. The 11 dimensional M2 brane metric is
S =
1
2κ211
∫
d11x
√−gR− 1
4κ211
∫ (
F4 ∧ ∗F4 + 1
3
A3 ∧ F4 ∧ F4
)
,
ds2M2 = H
−2/3
(
−fdt2 +
2∑
i=1
dx2i
)
+H1/3
(
dr˜2
f
+ r˜2dΩ27
)
, (A.13)
H = 1 +
R6
r˜6
, f = 1− r˜
6
H
r˜6
, ∗F4 = F7 = 6R6 V (S7) .
This metric is explicitly given in [37]. The quantization condition is R9pi5 =
√
2N3/2κ211.
The temperature and entropy of the geometry are
T =
3
2pi
r˜2H
R3
, S =
8
√
2pi2
27
V2N
3/2T 2 , (A.14)
where we use the explicit expression V (S7) = pi
4
3
.
We compactify the solution on S7. Typically for the conformal cases, the dimensional
reduction does not introduce any extra radial dependence on the field theory coordinates.
Thus the resulting action becomes S = 1
2κ24
∫
d4x
√−g4R4 + · · · with 12κ24 =
R7V (S7)
2κ211
. And the
corresponding Einstein frame metric is nothing but the original metric (A.13) without the
last term dΩ27. By changing a variable r˜ =
1√
2
R3/2r−1/2, we get
ds2E =
R2
4r2
(
−fdt2 +
2∑
i=1
dx2i +
dr2
f
)
, f = 1− r
3
r3H
. (A.15)
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Compared to the metric (2.1), we conclude
d = 2 , θ = 0 , z = 1 , (A.16)
which show z = 1 and θ = 0 as we expected. The corresponding temperature and entropy
of the reduced effective geometry are
T =
3
4pirH
, S =
pi2R2
9G4
V2T
2 , (A.17)
where the temperature and the entropy are the same as those of the original M2 brane if we
consider the relation r˜H =
1√
2
R3/2r
−1/2
H and use the reduction
1
2κ24
= 1
16piG4
= R
7V7
2κ211
.
A.3 Black M5 brane
The 11 dimensional M5 brane action and metric are
S =
1
2κ11
∫
d11x
√−gR− 1
4κ11
∫ (
F4 ∧ ∗F4 + 1
3
A3 ∧ F4 ∧ F4
)
, (A.18)
ds2M5 = H
−1/3
(
−fdt2 +
5∑
i=1
dx2i
)
+H2/3
(
dr˜2
f
+ r˜2dΩ24
)
, (A.19)
H = 1 +
R3
r˜3
→ R
3
r˜3
, f = 1− r˜
3
H
r˜3
, F4 = dA3 = 3R
3V (S4) .
The temperature and entropy of the geometry are
T =
3
4pi
r˜
1/2
H
R3/2
, S =
27pi3
36
V5N
3T 5 , (A.20)
where we use V (S4) = 8pi
2
3
and the quantization condition R9pi527 = N3κ211.
Upon compactifying down to 7 dimensions, the action becomes S = 1
2κ27
∫
d7x
√−g7R7 +
· · · with 1
2κ27
= R
4V (S4)
2κ211
. Similar to the M2 brane, the resulting metric becomes
ds2E =
4R2
r2
(
−fdt2 +
5∑
i=1
dx2i +
dr2
f
)
, f = 1− r
6
r6H
, (A.21)
after changing a variable r˜ = 4R3r−2. Compared to the standard form of the metric (2.1),
we conclude
d = 5 , θ = 0 , z = 1 . (A.22)
This case has a positive dynamical exponent z = 1 and θ = 0 as we expected. The corre-
sponding temperature and entropy of the reduced effective geometry are
T =
6
4pirH
, S =
28pi5R5
35G7
V5T
5 , (A.23)
where the temperature and the entropy are the same as those of the original M5 brane if we
consider the relation r˜H = 4R
3r−2H and use the reduction
1
2κ27
= R
5V (S5)
16piG11
.
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A.4 Dp-D(p+4) branes
In this section we would like to consider the intersecting Dp-Dq, q = p+4, p = 0, 1, 2 solutions
[120][121][122], studied recently in the context of the hyperscaling violation solution [16].
ds2pq =
1√
HpHq
[−dt2 +
p∑
i=1
dx2i ] +
√
Hp
Hq
p+4∑
j=p+1
dx2j +
√
HpHq
[
dρ2 + ρ2dΩ24−p
]
, (A.24)
eΦ = H
3−p
4
p H
− p+1
4
q , Hp,q = 1− Qp,q
ρ3−p
, (A.25)
Ap+1 = (1−H−1p )dt ∧ dx1 ∧ · · · ∧ dxp , (A.26)
Ap+5 = (1−H−1q )dt ∧ dx1 ∧ · · · ∧ dxp+4 , (A.27)
We would like to take the near horizon limit first, HpHq = H
2 = Q
2
ρ2(3−p) , Q
2 = QpQq, and
dimensionally reduce to the Einstein metric to p+6 dimensions, using ds2E = H
p+2
p+4ρ
2(4−p)
p+4 ds2str.
ds2pq,E = Q
−3
p+4
p Q
2
p+4
p ρ
14−4p
p+4
(
−dt2 +
p∑
i=1
dx2i +
Qp
ρ3−p
p+4∑
j=p+1
dx2j +
QpQq
ρ2(3−p)
dρ2
)
. (A.28)
Using ρ =
(
Q
2−p
) 1
2−p
u
1
2−p for p < 2, we obtain
ds2pq,E = u
14−4p
(p+4)(2−p)
(
−dt2 +
p∑
i=1
dx2i + u
p−3
2−p
4∑
j=1
dx2j +
du2
u4
)
, (A.29)
where we omit the overall factor Q
−3
p+4
p Q
2
p+4
p
(
Q
2−p
) 14−4p
(2−p)(p+4)
and absorb Qp
(
Q
2−p
) p−3
2−p
factors to
xj. This metric reveals that spatial anisotropic exponent is necessary to describe the string
theory solutions with two dimensionful parameters. Compared to the standard metric (1.2),
we conclude
d = p+ 4 , θ =
1− p2
2− p , z = 1 , ] =
1− p
2(2− p) . (A.30)
This is one of the main example to reveal the spatial anisotropic exponent advertised in
the introduction. Surely this example has two independent dimensionful parameters. Effec-
tively, one can be absorbed in the front factor to the hyperscaling violation exponent, while
the other one is pushed into some part of the spatial coordinates with spatial anisotropic
exponent. Until now we consider the dimensional reduction to p+ 6 dimensions to show the
manifestation of the advertised spatial anisotropic exponent.
Now for the coordinates (p+ 1)− (p+ 4) are compact, this metric can be further dimen-
sionally reduced down to p+ 2 dimensions. Similarly, we obtain
ds2p,E = (QpQq)
2
p(2−p)
(
1
2− p
) 2
p(2−p)
u
2
p(2−p)
(
−dt2 +
p∑
i=1
dx2i +
du2
u4
)
. (A.31)
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Comparing to the standard metric (1.2), we conclude
d = p , θ = −(1− p)
2
2− p , z = 1 . (A.32)
Considering the finite temperature generalization with the emblackening factor
f = 1− ρ
3−p
H
ρ3−p
= 1−
(uH
u
) 3−p
2−p
, (A.33)
we again check that d+ z − θ = 3−p
2−p .
D1D5 system
Let us concentrate on the conformal case with p = 1. This geometry shows an interesting
property, which can be clearly seen in the following form
ds2D1D5 =
ρ2
Q
[−fdt2 + dx21] +
Q
ρ2
dρ2
f
+QdΩ23 +
√
Q1
Q5
ds2M4 , (A.34)
which is AdS3 × S3 ×M4. We check that there is no hyperscaling violation when we take
dimensional reductions along the directions S3.
ds2D1D5 = Qρ
2[−fdt2 + dx21 +
1
ρ4
dρ2
f
+
Q1
ρ2
ds2M4 ] , (A.35)
which is already in a standard form because the boundary sits at u→∞. Thus we get
d = 5 , θ = 0 , z = 1 , ]M4|1 = 0 . (A.36)
Note that normally we expect to get ] = 1 to have rotationally invariant metric. Thus
]M4|1 = 0 reveals the spatial anisotropy. For the effective metric AdS3 ×M4, we observe a
different scale between the two spaces AdS3 and M4. This is manifested in the prefactors 1
and Q1
ρ2
in (A.35). This picture would be applicable for non-compact M4 as well as compact
M4 for the physical cases requiring compact coordinates.
Now let us take the dimensional reductions further along the directions M4 for the com-
pact M4 = T
4. Then we arrive (u = ρ)
ds2E ∝ ρ1ρ5u2
(
−fdt2 + dx21 +
1
u4
du2
f
)
, (A.37)
where a single scale ρ1ρ5 is absorbed into the coordinates t, x1. It is clear that the boundary
is at ρ→∞ from the coordinate x1, and thus the corresponding exponents are θ = 0, z = 1
for d = 1. It is worthwhile to mention that this case falls into an interesting case θ = d−1 for
the Lifshitz type theories trivially. As already mentioned, this case falls into the conformal
case and we don’t expect to have any pysically relevant scale.
This system still satisfy the relation d + z − θ = 2, which is the power behavior of the
emblackening factor. Note that this system is related to a conformal case, which is signified
by θ = 0, in contrast with the case of D1 brane θ = −1, z = 1 for d = 1 given in (A.11).
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A.5 Intersecting and interpolating M-branes
In this section we would like to consider an intersecting M2-M5 solution [123] and an inter-
polating background between 2⊥2 and 2⊥5 [121]. Some of them are considered recently in
[14]. Here we observe that these intersecting and interpolating solutions reveal the necessity
of the spatial anisotropic exponent(s) ].
Intersecting solution
Let us first start with the intersecting M2-M5 solution [123].
ds2M2M5 = H
−2/3
2 H
−1/3
5
(−dt2 + dx21)+H−2/32 H2/35 (dx22)
+H
1/3
2 H
−1/3
5
(
dx23 + · · ·+ dx26
)
+H
1/3
2 H
2/3
5
[
dρ2 + ρ2dΩ23
]
, (A.38)
Hp,q = 1 +
Qp,q
ρ2
, Fr012 = ±∂ρH−12 , Frαβγ = ±αβγ∂ρH5 . (A.39)
After taking the near horizon limit, we get
ds2M2M5 = Q
−2/3
2 Q
−1/3
5 ρ
2
(−dt2 + dx21)+Q−2/32 Q2/35 (dx22)
+Q
1/3
2 Q
−1/3
5
(
dx23 + · · ·+ dx26
)
+Q
1/3
2 Q
2/3
5 ρ
−2 [dρ2 + ρ2dΩ23] . (A.40)
Here the geometry is factorized into the product of an AdS3 spacetime, a three-sphere S
3,
and a flat Euclidean five-dimensional space E5 [123].
We dimensionally reduce the compact coordinates to the Einstein metric in 8 dimensions.
Using ds2E = (Q
1/2
2 Q5)
1/3ds2str, we get
ds225,E = Q
1/2
2 Q5ρ
2
(
−dt2 + dx21 +
1
ρ2
(
dx22 + dx
2
3 + · · ·+ dx26
)
+
dρ2
ρ4
)
, (A.41)
where we absorb Q factors in the spatial coordinates x2, · · ·x6 and redefine ρ →
√
Q2Q5ρ.
This is already in a standard form and we can read off the exponents as
d = 7 , θ = 0 , z = 1 , ] = 0 . (A.42)
The fact θ = 0 is consistent with the observation that the near horizon geometry is AdS3 ×
E5 × S3. Note that ] = 0 is non-trivial, and provide an example to generate the spatial
anisotropic exponent. There are other examples listed in [123]. We expect to get the similar
results.
Interpolating background
Now, let us turn to the interpolating background between 2⊥2 and 2⊥5 [121].
ds2 = H˜
1/3
3 H
1/3
3 H
1/3
1
[−H−11 H−13 dt2 +H−11 dx21 +H−13 (dx22 + dx23)
+H˜−13 H
−1
3 dx
2
5 + H˜
−1
3 (dx
2
4 + dx
2
11) + dρ
2 + ρ2dΩ23
]
, (A.43)
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where Hi = 1 +
Qi
ρ2
and H˜3 = 1 +
Q˜3
ρ2
. After taking the near horizon limit, we get
ds2 =
Q˜
1/3
3 Q
1/3
3 Q
1/3
1
ρ2
[
− ρ
4
Q1Q3
dt2 +
ρ2
Q1
dx21 +
ρ2
Q3
(dx22 + dx
2
3)
+
ρ4
Q˜3Q3
dx25 +
ρ2
Q˜3
(dx24 + dx
2
11) + dρ
2 + ρ2dΩ23
]
, (A.44)
We dimensionally reduce the compact coordinates to the Einstein metric in 8 dimensions.
Using ds2E = (Q1Q3Q˜3)
1/6ds2str, we get
ds225,E = (Q1Q3Q˜3)
1/2ρ2
[
−dt2 + dx25 +
1
ρ2
(dx22 + dx
2
3 + dx
2
4 + dx
2
11) +
dρ2
ρ4
]
, (A.45)
where we absorb Q factors in the coordinates t, x1, · · · x5, x11. Thus we check this metric is
the same as (A.41) and thus
d = 7 , θ = 0 , z = 1 , ]i|1 = 0 , (A.46)
where i = 2, · · · , 6. Again, note that ] = 0 is non-trivial, and provide an example to generate
the spatial anisotropic exponent.
B Dimensional reduction of solutions with Schro¨dinger scaling
Let us consider the dimensional reduction of the theories with Schro¨dinger scaling. These
are mostly at zero temperature. They are constructed by null Melvin twist [88][89], which
serves as an effective way to generate non-relativistic solutions with Schro¨dinger isometry,
starting from the known relativistic solutions. Most of the solutions we consider are listed
in [90].15 Non-relativistic Dp branes are analyzed in detail in the main body, including their
finite temperature generalizations §3.
There exists an interesting solution, type IIA NS5 brane in §B.2, among the solutions we
consider, which satisfies the following condition
θ
D
=
d+ 1− z
d+ 1
, D = d+ 1 = 5 , θ = 3 . (B.1)
This solution is expected to posses Fermi surfaces in the dual field theory in the context
of Schro¨dinger type theories [11], similar to the Lifshitz type theories [6][7][8]. This is the
first explicit example belong to this class from the top down string theory solutions with
Schro¨dinger isometry.
15We are grateful to Yaron Oz for his numerous advices and valuable comments especially on this section.
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B.1 ‘Conformal’ cases
We consider the null Melvin twist of the conformal branes including M2, M5, D3, D1D5,
F1NS5 systems [90]. All the non-relativistic conformal branes share the property that the
part of the metric along the internal directions are independent of the radial coordinates,
and the associated dilaton is either not present or constant. Thus we can write a general
form of the metric at zero temperature as
ds2 =
(ρp
r
)2(
− ∆˜
2
r2z−2
dt2 − 2dtdξ +
p−1∑
i=1
ηidx
2
i + dr
2
)
+ ρ2pdΩ
2 , (B.2)
where d = p − 1. For example, ρp = ρ2, ∆˜ = 2βρ2, p = 2, ηi = 1 and dΩ2 = dΩ27 for
non-relativistic M2 brane, while ρ2p = ρ1ρ5, ∆˜ = βρ1ρ5, p = 5, ηi = r
2/ρ25 and dΩ
2 = dΩ23 for
D1D5 system. We observe a clear distinction between these two cases: D1D5 has explicit
radial dependence in ηi, which can not be removed by redefining the radial coordinate.
The dimensional reduction along the coordinates dΩ2 does not produce any radial de-
pendence. Thus the resulting metric is the same as before, which is (B.2) without the last
term. We list various exponents of these cases by comparing to the standard form (1.1) with
a = 1, b = 1 and D = d+ 1 (after absorbing the dimensionful parameter ∆˜ into dt).
D3 : d = 2 , θ = 0 , z = 2 , (B.3)
M2 : d = 1 , θ = 0 , z = 3/2 , (B.4)
M5 : d = 4 , θ = 0 , z = 3 , (B.5)
D1D5 : d = 0 + 4 , θ = 0 , z = 2 , (B.6)
F1NS5 : d = 0 + 4 , θ = 0 , z = 2 . (B.7)
All the cases reveal θ = 0. M2 and M5 cases reveal interesting variations in dynamical
exponents and do not have special non-relativistic conformal symmetry, which is clear from
the non-trivial dynamical exponent. It will be interesting to investigate these cases further
from this point of view.
The last two cases, (B.6) and (B.7), are different because the spatial dimensions have
explicit radial dependence. After dimensional reduction, the metric is
ds2D1D5 =
(ρp
r
)2(
−∆˜
2
r2
dt2 − 2dtdξ + dr2
)
+ ds2M4 . (B.8)
To make this metric in the form (1.1) with ηi = 1, it is required to change coordinate with
non-polynomial type, r ∼ ey. Thus dynamical exponent is not determined. Thus this metric
has neither the Galilean boost, nor the special conformal transformations. To have nontrivial
], we need more general intersecting D-branes.
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The finite temperature generalizations for D1D5 and F1NS5 systems can be considered
similarly. These metrics generate the ‘K’ factor similar to (3.7), which might spoil some of
the properties of the zero temperature. It turns out that the K-factors become constant in
the near horizon limit [90], which is special for this case.
B.2 NS5A brane
In this section, we consider the non-relativistic version of the type IIA NS5 brane solution
at zero temperature in some detail. This case turns out to be a very interesting case, being
expected to possess Fermi surface according to recent conjecture [6][7].
The metric and dilaton are given in [90]
ds2 = −2∆
2
r˜2
dt2 − 2dtdξ +
4∑
i=1
dx2i +
ρ5
r˜
(
dr˜2 + r˜2dΩ23
)
, eΦ =
(
r˜
ρ5
)3/2
, (B.9)
where we omit the other fields. We compactify this solution on S3 and get the Einstein
metric in 7 dimensions
ds2E = 4
3/5ρ
12/5
5 r
−6/5
(
−∆˜
2
r4
dt2 − 2dtdξ +
4∑
i=1
dx2i + dr
2
)
, (B.10)
where we use ds2E = ρ
9/5
5 r˜
−3/5ds2, r˜ = r
2
4ρ5
and ∆˜ = 32ρ25∆
2. Compared to the standard
metric (1.1), we get
d = 4 , θ = 2 , z = 3 , (B.11)
which belongs to the category of logarithmic violation case with the condition
θ
D
=
d+ 1− z
d+ 1
, (B.12)
where D = d + 1. What is so special about this metric? It turns out that the holographic
stress energy tensor has some distinctive signature along with the entanglement entropy. We
further analyze this case in some detail here.
Entanglement entropy
Entanglement entropy has become a new useful tool to classify and understand different
phases of field theory. For example, it differentiates the fermionic models from the bosonic
ones [45]. This is extensively investigated in the context of holography [46].
The entanglement entropy can be computed using the minimal surface prescription of
the ‘codimension 2 holography’ utilizing the stationary ADM form, developed in [11]
ds2E = 4
3/5ρ
12/5
5 r
−6/5
(
−∆˜
2
r4
(
dt+
r4
∆˜2
dξ
)2
+
r4
∆˜2
dξ2 +
4∑
i=1
dx2i + dr
2
)
, (B.13)
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with the condition dt+ r
4
∆˜2
dξ = 0. The entanglement entropy is given by (see the details in
§4 of [11])
S = M
5
Pl
4
8ρ65
∆˜
(
L3
Mξ
)
log
(
2l

)
. (B.14)
This result shows the logarithmic violation of entanglement entropy. This important property
is associated with the conjecture [6][7] that “the entanglement entropies of the system with
Fermi surface show the logarithmic violation of the area law.”
Holographic stress energy tensor
Holographic stress energy tensor in the context of Schro¨dinger holography is computed
using Brown-York method in §2.3 of [11]. We summarize the result here (using the same
notations of [11]).
〈τˆtt〉 = − 1
r1+zc
h00 , 〈τˆtξ〉 = 〈τˆξt〉 = − z
r1+zc
htξ , 〈τˆij〉 = − z
r1+zc
hij . (B.15)
In particular, the coefficient of 〈τˆtt〉 becomes unity and is independent of parameters, z, θ, d
and D. Let us compare this to the extensive violation case θ = d + 2 − z for D = d + 1.
Then
〈τˆtt〉 = 0 , 〈τˆtξ〉 = 〈τˆξt〉 = −z − 1
rzc
htξ , 〈τˆij〉 = −z − 1
rzc
hij . (B.16)
We also observe the coefficient of 〈τˆtt〉 is independent of the parameters.
These coefficients of the holographic stress energy tensor are independent of the the
normalization and thus universal. Thus we expect that these provide some important
properties in further investigating the physical significances of the theories for the range
d+ 1− z ≤ θ ≤ d+ 2− z for D = d+ 1.
Scalar correlation functions
The equation of motion for a scalar field with mass m in the background (B.10) is given
(in the momentum space) as(
∂2r −
3
r
∂r − ~k2 + 2Mω − βM
2
r4
− m
2
r6/5
)
φ = 0 , (B.17)
where ~k and ω are Fourier transform of ~x and t, respectively. We treat the ξ direction special
and replace ∂ξ = iM for the scalar field following [11].
It is clear that the asymptotic expansion is not well posed with the polynomial form due
to the term proportional to M2. Many of the interesting cases have similar difficulties for
computing the correlation functions. This can be interpreted as a signal that the geometry
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is not valid all the way to the boundary, thus the asymptotic expansion can not be trusted.
Thus we would like to evaluate the semiclassical propagator.
Semiclassical propagators
Semiclassical propagators of the Schro¨dinger type backgrounds are studied in detail in
§2.2 of [11]. For the Schro¨dinger type metric, there are three different types of propagator.
All the results are valid in the limit where the second exponential factors are suppressed.
One can evaluate the static semiclassical propagator as
G(∆xi) ∼ exp
[
2m
D
θ
θ/D
]
exp
[
−mD
θ
cθ/D|∆xi|θ/D
]
, (B.18)
where cθ/D only depends on the combination θ/D and given in equation (2.22) of [11]. The
static case only depends on the combination θ/D = 2/5, independent of other parameters.
Note the non-trivial dependence of the propagator on the hyperscaling violation exponent θ.
Due to the cross term present in the metric (B.10), there is also a stationary propagator.
In general, this case is rather complicated. This simplifies when we constrain the travel
distance along the ξ coordinate to be the total length Lξ, which is the defining length
associated with the dual particle number Mξ. Then
G(Lξ) ∼ exp
[
2m
D
θ
θ/D
]
exp
[
−2mD
θ
cˆLξL
θ
(z−2)D
ξ
]
, (B.19)
where cˆLξ is given in equation (2.33) of [11]. The correlation function can not decay faster
than this because there exist the maximum distance Lξ in ξ direction. This is a unique
property of the Schro¨dinger type theories.
The timelike propagator is also complicated in general, which can be found in §2.2 of
[11]. Thus we consider the special case, where the constant of motion along ξ coordinate is
small. The result of the timelike propagator is
G(∆t) ∼ exp
[
2m
D
θ
θ/D
]
exp
[
−2mD
θ
cξ|∆t| θ2D−θ
]
, (B.20)
where cξ is given in equation (2.43) of [11].
Typically the semiclassical propagators are exponentially suppressed in the valid regime,
accordingly for −2m|∆xi|θ/D  1, −2mL
θ
(z−2)D
ξ  1 and −2m|∆t|
θ
2D−θ  1. Still it is
possible to get the standard form G ∼ exp
[
−m
(
|∆xi|2
2|∆t|
) θ
(z−2)D
]
for the general case [11].
Further investigations of this case would be very interesting to figure out whether these
systems posses some physically distinctive properties.
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B.3 NS5B brane
Let us consider type IIB NS5 brane solution in 10 dimensions [90]. The metric and dilaton
are
ds2NS5A = −
2∆2
r˜2
dt2 − 2dtdξ +
4∑
i=1
dx2i +
ρ5
r˜2
(
dr˜2 + r˜2dΩ23
)
, eΦ =
r˜
ρ5
, (B.21)
where we omit other irrelevant fields again. We compactify this solution on S3 down to 7
dimensions. The resulting metric in Einstein frame is given by
ds2E ∼ r˜−4/5
(
−2∆
2
r˜2
dt2 − 2dtdξ +
4∑
i=1
dx2i +
ρ5
r˜2
dr˜2
)
, (B.22)
where we use ds2E ∼ r˜−4/5ds2. Apparently, we can not put this metric in the standard form
(1.1) with the reference coordinate, because it is necessary to make a coordinate transfor-
mation with exponential form r˜ ∼ ear. Thus the power law scaling properties do not hold
anymore. This case is briefly outlined in footnote 5 in general context.
Let us consider this case more closely. One can pull ρ5 out of the parenthesis and absorb
it into other field theory coordinates appropriately, without modifying the radial dependence
of the metric. There seems no preferred scaling for the radial coordinate, yet we would take
it as a reference scale r → λr. With these discussion, we can put the metric in, yet, another
standard form as
ds2 = r2θ/D
(
−r−2zdt2 − 2dtdξ + dr
2
r2
+
d∑
i=1
dx2i
)
, (B.23)
where the scaling symmetry of this metric is given by
t→ λzt , ξ → λ−zξ , r → λr , xi → xi . (B.24)
From this metric, it is not clear whether there is precise meaning of dynamical exponent
because the spatial directions do not scale. Thus this types of metric does not possess
scaling symmetries of the kind we consider here.
B.4 F1 brane
F1 brane solution in 10 dimensions is described by the metric and dilation [90]
ds2 =
(ρ0
r˜
)6 [
−2∆
2
r˜2
dt2 − 2dtdξ
]
+
(ρ0
r˜
)4 (
dr˜2 + r˜2dΩ27
)
, eΦ =
(ρ0
r˜
)3
, (B.25)
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where we omit other irrelevant field contents. We compactify this solution on S7 down to 3
dimensional Einstein metric
ds2E ∼ r−4
(
−∆˜
2
r
dt2 − 2dtdξ + dr2
)
, (B.26)
where we use r˜ =
√
r. Note that the naive identification of the dynamical exponent shows
z = 1
2
, which actually violate the null energy condition. A moment of thought tells that the
meaning of the dynamical exponent is not well posed because there is no spatial directions
left after the dimensional reduction. Furthermore, there can not be symmetries for the
Galilean boost and special conformal transformation.
B.5 KK monopole
Let us consider the metric of the KK monopole in 11 dimensional Einstein frame [90]
ds2KK = −
2∆4
r˜4
dt2 − 2dtdξ +
5∑
i=1
dx2i +
(ρ0
r˜
)4 (
dr˜2 + r˜2dΩ23
)
. (B.27)
One might prefer to view that the metric approaches to the boundary for r˜ → 0. Yet the
situation is not clear once we perform the dimensional reduction.
We compactify this on S3. The resulting 8 dimensional Einstein metric is
ds2E ∼ r˜−1
(
−2∆
4
r˜4
dt2 − 2dtdξ +
5∑
i=1
dx2i +
(ρ0
r˜
)4
dr˜2
)
, (B.28)
where we use ds2E = r˜
−1ds2. To get the standard form (1.1), we change a variable r˜ = 1
r
.
Then we get
ds2E ∼ r
(
−r4dt2 − 2dtdξ +
5∑
i=1
dx2i + dr
2
)
. (B.29)
Compared to the standard metric (1.1), we obtain
d = 5 , θ = 9 , z = −1 , (B.30)
where we use D = 6. Note that the dynamical exponent is negative and the hyperscaling
exponent is a relative large positive number.
To be more careful, we also try to put the metric in another form using the u coordinate
as in footnote 4. It turns out that the metric (B.28) is already in a standard form given in
footnote 4. Thus we put u = r˜, then we get
ds2E ∼ u−1
(
− 1
u4
dt2 − 2dtdξ +
5∑
i=1
dx2i +
1
u4
du2
)
, (B.31)
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where we absorb various constants into the appropriate coordinates. According to the stan-
dard form there, we obtain the same exponents as (B.30).
Thus we conclude that the KK monopole solution has a negative dynamical exponent.
Can we understand the negative dynamical exponent, which means that space and time scale
in an opposite way? Some thoughts give an observation that the standard forms given in
(B.29) and (B.31) may not appropriately reflect the location of the boundary, meaning that
the r coordinate in (B.29) describe the boundary at r →∞ and thus can be described more
appropriately by u coordinate, and vice versa. But there is no way to put the dimensionally
reduced metric into this ‘more appropriate’ form. The metrics with the negative dynamical
exponent means that we are forced to put them in the wrong form with opposite boundary
with respect to time. The KK monopole solution with null Melvin twist seems to be well
defined. Thus it is reasonable to take this case seriously to investigate whether this makes
sense, along with other systems with a negative dynamical exponent. Here we calculate a few
physical properties associated with this KK metric, postponing more serious investigations
to the future.
Entanglement entropy
The entanglement entropy of the metric can be computed using the prescription given in
[11]. Using a strip geometry, the entanglement entropy of the metric (1.1) with a = 1, b = 1
and ηj = 1 can be computed as
l =
∫ rt
0
dr
(r/rt)
α√
1− (r/rt)2α
= −ipi
2
rt , (B.32)
and
A = Ld−1Lξ
∫ rt

dr
β−1/2r−α√
1− (r/rt)2α
= β−1/2Ld−1Lξ
(
−ipir
2
t
4
+O(3)
)
, (B.33)
where α = −1 for the KK monopole metric (B.29). The entanglement entropy for a strip in
the general metric (3.2) (with ηi = 1) is
S = (RMPl)
6
4
(
i
l2
pi
L4Lξ
R9θ
−O(3)
)
, (B.34)
where Rθ is a scale in which the hyperscaling violation becomes important. The result is
rather unusual. The length l is imaginary and the entanglement entropy is also imaginary.
Holographic stress energy tensor
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Let us calculate the stress energy tensor for this case.
〈Ttt〉 = −d+ 2− z − (d+ 1)θ/D
r
d+2−(d+1)θ/D
c
h00 = −−1
r−2c
h00 , (B.35)
〈Ttξ〉 = 〈Tξt〉 = −(d+ 1)(1− θ/D)
r
d+2−(d+1)θ/D
c
htξ = −−3
r−2c
htξ , (B.36)
〈Tij〉 = −(d+ 1)(1− θ/D)
r
d+2−(d+1)θ/D
c
hij = −−3
r−2c
hij . (B.37)
The null energy condition is violated in this case. The stress energy tensor one point functions
have opposite sign compared to the cases we consider above.
Semiclassical propagators
The static semiclassical propagator is given by
G(∆xi) ∼ exp
[
2m
D
θ
θ/D
]
exp
[
−mD
θ
cθ/D|∆xi|θ/D
]
,
cθ/D ≡
2√pi Γ
(
2−θ/D
2(1−θ/D)
)
Γ
(
1
2(1−θ/D)
)
1−θ/D . (B.38)
where θ/D = 3/2. The result is independent of z.
Outlook
Seemingly the physical properties show some unusual properties, such as imaginary entan-
glement entropy, stress energy tensors with wrong signs. Do they signal that this background
is physically not acceptable? Instead of answering the question directly. We would like to
bring out a system with negative dynamical exponent [12] along with the reference [124].
The latter discussed the Euclidean version of the metric similar to the one considered here
(B.31). It will be interesting to investigate the systems with negative dynamical exponent
along the line.
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